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Abstract 

We revisit the gauging of rigid symmetries in two-dimensional bosonic sigma models with a Wess- 
Zumino term in the action. Such a term is related to a background closed 3-form H on the target 
space. More exactly, the sigma-model Feynman amplitudes of classical fields are associated to a 
bundle gerbe with connection of curvature H over the target space. Under conditions that were 
unraveled more than twenty years ago, the classical amplitudes may be coupled to the topologically 
trivial gauge fields of the symmetry group in a way which assures infinitesimal gauge invariance. 
We show that the resulting gauged Wess-Zumino amplitudes may, nevertheless, exhibit global gauge 
anomalies that we fully classify. The general results are illustrated on the example of the WZW 
and the coset models of conformal field theory. The latter are shown to be inconsistent in the 
presence of global anomalies. We introduce a notion of equivariant gerbes that allow an anomaly- 
free coupling of the Wess-Zumino amplitudes to all gauge fields, including the ones in non-trivial 
principal bundles. The obstructions to the existence of equivariant gerbes and their classification 
are discussed. The choice of different equivariant structures on the same bundle gerbe gives rise to 
a new type of discrete-torsion ambiguities in the gauged amplitudes. An explicit construction of 
gerbes equivariant with respect to the adjoint symmetries over compact simply connected simple 
Lie groups is given. 
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I. INTRODUCTION 



Gauge invariance constitutes one of the basic principles underlyingthe theoretical description of physical 
reality. The occurrence of its violations, called gauge anomalies [3|, in certain models of quantum field 
theory with chiral fermions yields a powerful selection principle for the model building in high energy 
physics [131. Gauge anomalies may describe violations of infinitesimal gauge invariance, or, if the latter 
holds, the breakdown of invariance under large gauge transformations not homotopic to identity [131 ■ The 
second type goes under the name of global gauge anomalies. Anomalies similar to the ones in theories with 
chiral fermions occur also in effective bosonic models describing the low energy sector [131 ■ Such effective 



theories contain Wess-Zumino (WZ) terms in the action [55[, see, e.g., the review [4J|. The emergence of 
global gauge anomalies in bosonic theories with WZ terms on the Euclidian space-time compactified to 
the four-dimensional sphere was extensively analyzed following the work [131, see 



Starting with Witten's paper |57l | on non-Abelian bosonization, the two-dimensional Wess-Zumino ac- 
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tions for bosonic sigma models with Lie-group targets were studied quite thoroughly in the context of the 
Wess-Zumino-Witten (WZW) models of conformal field theory (CFT). In the latter setting, the problem 
how to gauge rigid symmetries was solved, at least in the simplest cases, almost from the very start Q. 
Nevertheless, the general question about the coupling of two-dimensional Wess-Zumino actions to gauge 
fields in a way invariant under infinitesimal gauge transformations was posed and answered only a few 



years later in [36[ and in [35|- Besides, this was done only for topologically trivial gauge fields described by 
global 1-forms on the worldsheet. The conditions that permit such gauging and the obstructions to their 
fulfillment were subsequently interpreted in [isl in terms of equivariant cohomology, as first indicated 
in [5I], see also [S^. The issue of gener al g auge invariance of gauged two-dimensional WZ actions was 
addressed only very briefiy at the end of [Tsf and, in the context of the T-duality, in [H, [sj] . We make it 
the main topic of the present study. 

A convenient tool to treat topological intricacies of Wess-Zumino actions fll . [l7 | on closed two- 
dimensional worldsheets is provided by the theory of bundle gerbes with connection |42l. l43j . For topologi- 
cally trivial gauge fields, we identify the global gauge anomalies of gauged WZ actions as the isomorphism 
classes of certain fiat gerbes over the product of the symmetry group F and the target space M. Such 
isomorphism classes correspond to the classes in the cohomology group iJ^(F x M, U{1)) that may often 
be calculated explicitly. In particular, we show how to do it in the case of WZW models. This permits 
us to prove that, after the gauging of an adjoint symmetry, some of bulk WZW models with non-simply 
connected target groups exhibit global gauge anomalies. The latter lead to the inconsistency of the corre- 
sponding coset models of CFT [29l . Isoj realized as gauged WZW models with the gauge fields integrated 
out 0, [21I, [l^, . This is the main surprise resulting from our study. 

We also address the problem of the coupling of WZ actions to topologically non-trivial gauge fields given 
by connections in non-trivial principal bundles of the symmetry group. It was indicated in [32l | that such a 
coupling plays an important role in the construction of consistent coset theories. It seems also important 
in the T-duality [s^. We show that the existence of certain equivariant structures on gerbes, considered 
already before for discrete symmetry groups in [27| . enables a non-anomalous coupling to all gauge fields 
and we analyze in a cohomological language the obstructions to the existence of such structures and their 
classification. Different choices of the equivariant structure lead to gauge amplitudes that differ by phases 
given by characters of the fundamental group of the (connected) symmetry group. The appearance of 
such discrete-torsion like phases in the sector with topologically non-trivial gauge fields was envisaged in 
js^ . We give an explicit construction of all non-equivalent equivariant structures relative to the adjoint 
symmetries on gerbes relevant for the WZW models with compact simply connected target groups. 

The paper is organized as follows. In Scc.|lTl we recall the role of bundle gerbes in the definition 
of the Feynman amplitudes of two-dimensional sigma models with a WZ action (in Sec. Ill Al) and we 
characterize rigid symmetries of such amplitudes (in Sec. Ill Bt . Sec. lIIII is devoted to the coupling of 
WZ actions to topologically trivial gauge fields. In Sec. lIII Al we recall the old result of Jack-Jones- 
Mohammedi-Osborn [s^ and Hull-Spence [1^1 describing the coupling of a WZ action to the gauge fields 
of its symmetry grou p. In Sec. lIII Bl we review the interpretation, due to Witten [H^ and Figueroa- 
O'Farrill-Stanciu [Ij, of the conditions that permit such gauging in terms of the Cartan model of 
equivariant cohomology, and, in Sec. lIII Cl we study further implications of those conditions. Sec. lIVI is 
devoted to global gauge anomalies in theories with a WZ action coupled to topologically trivial gauge fields. 
Sec. lIVAl derives the transformation law of the Feynman amplitudes under general gauge transformations 
and identifies, in cohomological terms, the obstruction to the invariance of the amplitudes under large 
gauge transformations not homotopic to identity. The general discussion is illustrated in Sec. lIVB] by 
the example of WZW models with non-simply connected target groups and gauged adjoint symmetry. 
In Scc. lIV Cl we show that our results are consistent with the known solution for the partition functions 
of WZW models and in Sec. lIVE)l we examine the toroidal partition functions of the coset models in 
the presence of global anomalies. Sec.|V| is devoted to the coupling of WZ actions to topologically non- 
trivial gauge fields. In Sec. lV Al we define gerbes with equivariant structure. In Sec. IV Bl we describe 
how to use such structures to define WZ amplitudes coupled to gauge fields with arbitrary topology. The 
general gauge invariance of such amplitudes is proven in Sec. lV Cl In Sec. lVIl we study subsequently the 
obstructions to the existence of the three layers of an equivariant structure on gerbes (in Secs. lVI Al IVI Cl 
and I VI D]) . We use the local-data description of gerbes that is recalled in Sec. IVI Bl The classification of 
equivariant gerbes is discussed in Sec. IVI El Sec. IVI Fl examines the change of the WZ amplitudes induced 
by a change of the equivariant structure of the gerbe. Next Sec. lVIII contains an explicit construction 
of equivariant structures relative to the adjoint symmetry on gerbes relevant for the WZW models with 
compact simple and simply connected target groups. In Sec. lVIl"^ we recall the construction of the 
corresponding gerbes over the target groups and in Secs. lVIIBl I VII Cl and IVII Dl we build the different 
layers of the equivariant structure. Finally, Sec. lVIIll summarizes our results and discusses directions for 
future work. More technical proofs are collected in nine Appendices. 
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II. WESS-ZUMINO FEYNMAN AMPLITUDES 



A. 2D Wess-Zumino action and gerbes 



Let M be a smooth manifold and H a closed 3-form on M. 2-forms B such that dB ~ H provide the 
background Kalb-Ramond fields for the two-dimensional sigma model with target space M . We shall be 
mostly interested in situations when H is not an exact form so that the 2-forms B exist only locally. 
The classical fields of the sigma model are smooth maps (f : S — M, where S, called the worldsheet, 
is a compact surface, not necessarily connected, that will be assumed closed and oriented here. The 
Kalb-Ramond field contributes to the sigma-model action functional and to the Feynman amplitude of 
the field configuration Lp the Wess-Zumino terms which, for the global 2-form B, are equal to 

Swz{v) '■= j '^^'^ Awz{^) ■= exp(^LSwzi'^)^ = exp(^ 93*^^ , (2.1) 

respectively, in the units where the Planck constant h = 1. The contribution to the Feynman amplitudes 
may be defined more generally if, instead of a global 2-form B, one is given a bundle gerbe with unitary 
connection Q over M, called simply gerhe below, with curvature equal to the closed 3-form H Such 
gerbes are precisely the geometric objects that allow to define a ?7(l)-valued holonomy Holg{ip) of maps 
(p : E ^ M, and one sets 



i-WZ 



{^) := Holgi^). (2.2) 



In particular, if _ff = dB for a global 2-form on M , there exists a gerbe Xb with curvature H, canonically 
associated to B, such that 

Holx^i^) = exp(z£(^*s). (2.3) 

Gerbes with curvature H exist if and only if the periods of the closed 3-form H arc in 27rZ. In particular, 
H is not required to be an exact form. 

The basic property of the holonomy of a gerbe G with curvature H is that it is a (Chceger-Simons) 
differential character. This means that if E is a compact oriented 3-manifold with boundary 9S — E. 
and if : E — M, then, for ip = 

Holg{Lp) = exp(^t (2-4) 

Consequently, the gerbe holonomy is fully determined for the boundary values of fields (p by the gerbe 
curvature H. On the other hand, taking a 3-dimensional ball for E ones infers easily that the gerbe 
holonomy determines the gerbe curvature H. The converse is true only if the homology group H2{M) 
is trivial. 

The (bundle) gerbes (with unitary connection) Q over M form a 2-catcgory Gr6'^(Af ) with 1-morphisms 
between gerbes and 2-morphisms between 1-morphisms [i^. Below, we shall denote by Id as well the iden- 
tity maps between spaces as the identity 1-isomorphisms between gerbes and the identity 2-isomorphisms 
between 1-isomorphisms, with the meaning of the symbol that should be clear from the context. Gerbes 
Q possess duals Q* with opposite curvature and inverse holonomy, tensor products Qi ® Q2 with added 
curvatures and multiplied holonomies, and puUbacks f*Q under smooth maps / of the underlying base 
manifolds with curvatures related by the puUback of 3-forms and the same holonomies of maps (/? related 
by the composition with /. Up to 1-isomorphisms, gerbes are classified by their holonomy. Indeed, two 
gerbes with the same curvature differ, up to a 1-isomorphism, by a tensor factor that is a flat gerbe (i.e. 
has vanishing curvature). Their holonomies differ by the the flat gerbe holonomy factor that determines 
a cohomology class in H^{M,U{1)) = Hom{H2iM),U{l)). AW the elements of H^{M,U{1)) may be 
obtained this way. 
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B. Rigid symmetries of Wess-Zumino amplitudes 



Rigid symmetries of sigma models are induced by transformations of the target space. Let F be a Lie 
group that, in general, will not be assumed to be connected or simply connected. Suppose now that M is 
a F-space. i.e. that we are given a smooth action £ : F x M ^ M of F on M. We shall variably write 
^(7, m) := £j{m) := r,„(7) := 7m. The infinitesimal action of the Lie algebra g of F on M is induced by 
the vector fields X for X G g, where X{m) = -j^\^^ge~*^m. The assignment preserves the commutators: 
[X, = [X, Y]. We would like to determine when the WZ Feynman amplitudes are invariant under this 
action. Below, lx will denote the contraction with the vector field X, and Cx — dtx + lx d the Lie 
derivative with respect to it. 

Lemma 2.1. The variation of the gerbe holonomy of maps Lp : E — *- AI under the infinitesimal action 
of X G g is given by the formula 



d_ 
di 



t=o 



Holgie-*''^) = (ijip*ixH^Holg{^). (2.5) 



Proof. The relation (|2.4p implies that 

Holgie-^^ip) =exp(i/ ^*h] Holg{ip) = cxp( i [ tP*pr^H) Holg{ip) (2.6) 

for (pt{s,x) ~ c~"*'^ (p{x), ipt{s,x) — {s, (pt{s, x)) and pr2{s,m) ~ m. Differentiation of the right hand 
side with respect to t gives 

iJo/g(e-*^V') = (^f r^C^prlH) Holg{^) ^ (if d^o Pt^h) Holg{^) , {'^■7) 

where X is the vector field on [0, 1] x M such that X{s,m) = |j|(_q (s,e~**'^m) = sX{rn,). The Stokes 
formula applied to the last integral results in the claim. 



Lemma 12.11 implies that the left hand side of Eq. (|2.5p vanishes if and only if 

ip*LxH = 0. (2.8) 



s 



This holds for all ip if and only if tjfi? is an exact form. We obtain this way 

Corollary 2.2. The Feynman amplitudes A]yz{^) o-i"e invariant under the infinitesimal action of the 
Lie algebra g ( or, equivalently, of the connected component of unity Fq C F j if and only if the 2-forms 
ixH are exact for all X G g. 



Note that the exactness of t^i? implies, in particular, that CxH = 0, i.e. that the curvature 3-form H 
is invariant under the infinitesimal action of g. Observe also that if iJ = dB for a global g-invariant 
2-form B, then lxH = —d{LxB) so that the 2-forms lxH are exact. 

If the group F is not connected, i.e. F 7^ Fq, then the condition for the F-invariance of the WZ 
Feynman amplitudes is more stringent. Since 

Holg{-/if) = Hok,g{ip) (2.9) 

for 7 e F, it follows that Awzij'p) — -A-wzi'p) for all ip if and only if the the gerbcs t!^Q and Q have 
the same holonomy. In particular, they have to have the same curvature: = H . Since the holonomy 
determines the 1-isomorphism class of a gerbe, we obtain 

Corollary 2.3. The Feynman amplitudes Awz{^) o-fe invariant under the action of F if and only if 
the gerbes £*Q and Q are 1-isomorphic for all 7 G F. 

Remark 2.4. If the Feynman amplitudes contain also a factor with the standard sigma-model action 
S{ip) = \\dip\W-2 defined with the help of Riemannian metrics over the worldsheet and the target space, 
then the group F of rigid symmetries has to preserve also the target metric so that, in particular, X are 
Killing vector fields for X G g. 
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III. COUPLING TO TOPOLOGICALLY TRIVIAL GAUGE FIELDS 



A natural question arises whether g- invariant Feynman amphtudes Awz{ip) may be gauged, i.e. coupled 
to gauge fields in a gauge-invariant way. First, we shall discuss the case of topologically trivial gauge 
fields given by global g- valued l-forms A on the worldsheet S. 



A. Gauging prescription 

In the particular instance when the WZ Feynman amplitudes are determined by a global g-invariant 
2-form B with dB ~ H , one may realize the gauging by replacing B with its minimally coupled version 
Ba which is a 2-form on E x M : 

Ba := exp{-LA)B = B - laB + \l\B . (3.1) 

Above, for X G g and a a differential form, we define Lx®a — ^ '■x (omitting the wedge sign for the 
exterior product of differential forms). The gauged Wess-Zumino action has then the form 

Swzi^,A) := / ^Ba = Swzi^) + [ 4>*{ -iAB + |4s) , (3.2) 

where (j) = (/o?, Lp) : S — *- S x M . It is well known that the minimal coupling gives an action that is 
invariant under infinitesimal gauge transformations induced by the maps A : S —5^ g. This means that 

^ Swz{e-'\,e-'''A) = 0, (3.3) 

where, for a; G E, 

(e-*V)(a^) = e-*^("V(^), (e"*'^A)(x) = A4-*a„A(x) + e-*^(")de*^("' . (3.4) 

The invariance p.3p will also follow from the considerations below. 

In the more general case when the Feynman amplitudes Awz{^) are given by the gerbe holonomy, 
see Eq. \2.2\ . one may still postulate that the coupling to the gauge fields is realized by terms linear and 
quadratic in A, resulting in the replacement of Awz{'^) by 

Awz{^,A) := exp(z / 4>*{-v{A) + \u{A^))) Awzi.^) , (3.5) 

where v{X) are l-forms on M linearly dependent on X S g, u{X A Y) are functions on M linearly 
dependent on X/\Y e gAg and, for a form a on E, v{X®a) := v{X)a and u{{X /\Y)®a) := u{X/\Y)a 
denote the induced forms on E x M . Necessary conditions for the consistency of such a coupling were 
found in [36j and jssj . They are summarized in 

Proposition 3.1. The amplitudes Awz{^, A) defined in iS. 5\) are invariant under infinitesimal gauge 
transformations if and only if the l-forms v{X) satisfy the relations 

ixH = dv{X), C^v{Y) = v{[X,Y]), L^v{Y) = -Lyv{X) (3.6) 

for all X,Y £ g, with the functions u given by 

u{X AY) = ixv{Y). (3.7) 

For completeness, we give in Appendix Q] a proof of this result by arguments close to the original ones of 
[ill and m. 

Remark 3.2. 

1. The l-forms v{X) satisfving Eqs. p.6p mav be modified bv l-forms w{X) (also linear in X) satisfying 
the homogeneous version of these equations. 
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2. To make contact with refs. [s^ and [1^ more explicitly, let us introduce a basis of the Lie algebra 
g with [t°-,t''] = f°-^H'^ (the summation convention!), v[t°-) =: v°- , and u{t°- At'') =: Denoting by 
and £° the contraction with and the Lie derivative w.r.t. the vector field i"-, the relations p.6p and 
p.7p may be rewritten as 

i H — av , L V = J V , i V — —L V — u , (-J-o) 

In view of Proposition I3.1[ it will be convenient to introduce a 2-form pA on the product manifold 
S X M and a gerbe Qa over the same space by the formulae 

PA = ~v{A) + it^u(A) and t/^ = Ip^ (g) Q2 ■ (3.9) 

Eg. (|3.5p . together with the conditions p.6|) and p.7p on its entries, may then be summarized in the 
following 

Definition 3.3. Let Q he a gerbe with curvature H over a T-space M, and let v{X) be 1-forms on 
M , linearly dependent on X ^ g, satisfying conditions i3.6]) . The Wess-Zumino contribution of a field 
if : E — M to the Feynman amplitude coupled to gauge field 1-form A on Y, is defined as 

Awz{^,A) = exp(t j (j)* pAj Awz{^) = Holg^{4>) , (3.10) 

where, as before, (j) ~ (Id,ip). 

Remark 3.4. If the gerbe Q = Ib for a g-invariant 2-form B such that dB — H, then one may take 
v{X) = —bxB. In this case, Eq. (|3.10p agrees with the minimal coupling p.2p of the Wess-Zumino action. 

Proposition 13. 1 1 implies immediately 

Corollary 3.5. Eq. \3.10]) defines amplitudes that are invariant under infinitesimal gauge transforma- 
tions. 

Below, we shall need two easy implications of relations (|3.6p whose straightforward proof is left to the 
reader. They will be employed repeatedly below. 

Lemma 3.6. Relations \3. 6]) imply that 

L^LyH = v{[X,Y])-dixv{Y), (3.11) 
ix^Y^zH = ix<[Y,Z]) + Lzv{[X,Y]) + Lyv{[Z,X]). (3.12) 



B. Equivariant-cohomology interpretation 

In refs. [13, [13], see also [HI] and [s^, relations p.6|) were interpreted in terms of equivariant cohomology. 
Let J7(M) denote the space of differential forms on M . Recall that the Cartan complex for equivariant 
cohomology is formed of polynomial maps 

g 9 X I ^ Cj{X) e n{M) (3.13) 

which satisfy 

Cx^{Y) ^ j-^l^^uj{Ad,.KY) for X,Y^g. (3.14) 

We shall call such maps g-equivariant forms. Note that relation p.l4p holds if and only if 

t^uj{Y) ^ uj{Ad^-iY) (3.15) 

for 7 in the connected component Fq of 1 in P. We shall say that a form Co is P-equivariant if the 
relation (|3.15p is satisfied for all 7 G P. Of course, the two notions of equivariance coincide if the group P 
is connected. The g-equivariant (P-equivariant) forms make up the complex 17g(A/) (f2p(M)) with the 
Z-grading that adds twice the degree of the polynomial to the degree of the form and with the differential 
of degree 1 given by the formula 

{duj){X) = duj{X) - Lx<^{X). (3.16) 
The following result was obtained in [l^ [13] : 
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Proposition 3.7. A g-equivariantly closed 3-form H = H + v(X) extends the closed ^-invariant 3-form 
H if and only if the 1-forms v{X) satisfy conditions i3.6]) . 

Proof. The g-equivariance of H is the relation 

CxH{Y) = CxiH + v{Y}) = v{[X,Y]) (3.17) 

that, in view of the g-invariance of H , reproduces the middle equality in (j3.6|) . On the other hand, the 
form H is g-equivariantly closed when 

{dH){X) = dH + dv{X) - ixH - ixv{X) = (3.18) 

which, using that dH = , is equivalent to the left and the right equalities of p.6p . 

■ 

Remark 3.8. The freedom of choice of v{X) mentioned in Remark 13.2( 1') consists of the addition of a 
1-form 'w{X) that is g-equivariantly closed. 

The g-equivariantly closed 3-form H ~ H + v{X) may be related directly to the curvature of the gerbe 
Qa of Eq. p.9p which is equal to the 3-form 

Ha = H + dpA. (3.19) 

on E X M. 
Lemma 3.9. 

Ha = exp(-t^)(iJ + i.(F)), (3.20) 
where F — dA + i [A, A] is the gauge-field strength 2-form. 

Proof. Writing A = fA'' and F = f'F'' with F" = dA" + we obtain, using the left one 
of relations (|3.6|) : 

Ha = H + dpA = H + d{- v-'A" + \{l''v^)A'' A^) ^ H^l^'HA" + wVA" + |d(i''i;^)A"vl^ . (3.21) 

Eq. p. Ill) permits to transform the last term on the right-hand side and to show that 

Ha = H - l"HA'' + v^dA" + J/^^^wM^vl^ - i(t"i''iJ)A"A'' 

= H - laH + v{F) + \l\H = eyi^{-iA){H + v{F)) . (3.22) 

■ 

Remark 3.10. The minimal coupling operator exp(— t^) may be naturally interpreted within equivariant 
cohomology, see W^. Let us only mention here that it satisfies the relation 

exp(i^) d exp(— t^) = d — ip + La (3.23) 

for La ^A^L". 



C. More equivariance properties 

We shall assume below that the 3-form H extends to the F-equivariantly closed 3-form H{X) = H+v{X). 
This means, along with conditions p.6p . that 

e*H = H and ^*^v{X) = viAd^-iX) (3.24) 

for all 7 G F and all X e g, see Eg. (|3.15l) . In this section, we shall calculate the puUback £*H of 
the 3-form H along the action map i : T x M M. The result provides another way to express 
equivariance properties of H that will be used in the sequel. 

More generally, we shall discuss below forms and gerbes over the product spaces TP~^ x M that will 
be considered as F-spaces with the adjoint action of F on the factors in F^*"^ and the original one on 
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M. For a sequence of indices 1 < ii < . . . u-i < iki+i < ■ ■ ■ < ik2 < ■ ■ ■ < ik, < P, we shall denote by 

,iki + r--fc2 . ■■■ /«fc,_i + r--fc, maps 



rf-i X M 3 (7i,...,7p_i,m) 

I ^ f (7ii ■•■7iki,7ifci+i ■•■7i;,3,---,7»fc,_i+i ■■•7«fc,) if ife, < p , 

1 (7n ■■•7iki:7ifci+i ■••7i*.3,---,7». •••7^fc,_l"^) G T^-i x M if 4, = p , 



(3.25) 



e.g., £2(1, m) = m, £12(7,771) = 7TO, £12(71. 72, "i) = 7172, or £2,3(71,72,771) = (72, m). All these maps 
commute with the action of F. Finally, we shall abbreviate £*_^ i^p^ Hi^ ,,,i^p. Similar self-explanatory 
shorthand notations will be employed for other forms, gerbes and gerbe 1- and 2-morphisms, also living 
on other product spaces. 

Let us start by considering the puUback H12 = £*H of the 3-form i7 to F x M. The 1-forms v{X) 
on M define a 2-form 

p := -v{e) + \{L^,v){e) (3.26) 

on F X M. Note the similarity to formula p.9p for the 2-form p^- 
Lemma 3.11. H12 = dp + H2- 

Proof. In order to find an explicit expression for i?i2, a useful tool is the observation that, for a form 

(rc.)(7,m) = (exp[-ie(^)]£»(™), (3.27) 

where Q = = ^^^d'y is the g-valued Maurer-Cartan 1-form on F. As before, we use the notations 
ix(^a '■— Q^'-Jf v(X (8) a) := v{X)a for X € g and a a form, dropping the exterior product sign. 
Eq. (|3.27p makes explicit the contributions to £*IjJ with differentials along F and along M. Application 
of identity ()3.27p to uj ~ H gives 

{tH){j,m) = (exphte(^)]£;i?)(™) = (exph.e(7)] 

= H{m) - e''{-f){L''H){m) - ^{Q''e''){-f){i^L''H){m) + i(e''e''e^)(7)(t^^^i?)(m) 

= H{m) - e°(.g)(dz;")(7n) - ir''^(e"e'')(7)i'=(m) + ^{e''e')ij)idL''v''){m) 

+ i/'"=''(e'^e''e'=)(7)(t"u'^)(m) 

= H{m) + [d(e''t;'^ + ie'^e''i'^w^)](7,m), (3.28) 

where the last but one equality was obtained by employing relations (j3.6|) and Lemma 13.61 and the last 
equality follows from the structure equation = — ^/"'"^O'^G'' for the Maurer-Cartan forms. The 
result is the claimed identity. 

■ 

Remark 3.12. 

1. Similarly one may prove the relation 

H12 = dp + H2 (3.29) 
which gives an equivariant extension of Lemma 13.111 

2. Lemma l3 . 1 1 1 implies that if w{X) is a 1-form linearly dependent on X that is F-equivariantly closed, 
then the 2-form 

a = -w{e) + ^LQw{Q) (3.30) 
on F X Af is closed, see Remark 13.81 This is still true if 'w{X) is only g-cquivariantly closed. 

Lemma 3.13. The 2-form p defined in Eq. US. 26\) has the following properties: 

1. p is a T -invariant form on T x M. 

2. As forms on F^ x M, 

Pl2,3 = Pi, 23 + P2,3 ■ (3.31) 

A proof of Lemma 13.131 mav be found in Appendix [2] 
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IV. GLOBAL GAUGE ANOMALIES 



A. General gauge transformations 

As we have seen, conditions (|3.6p assure the infinitesimal gauge invariancc of the Feynman amphtudes 
p.lOp . In the present section, we shall examine the behavior of the amplitudes under general gauge 
transformations generated by F-valued smooth maps h : S F. Such maps act on the space T, x M 

by 

(x,m) I — ^ {x,h{x)m), (4-1) 

on the sigma-model fields ip : I] — M by 

ip I ^ h(p, (4.2) 

where {hip){x) = h{x)(p{x), and on the gauge fields according to the formulae 

A I ^ hA := Adh{A) + {h-'^)*e, F i ^ hF ^ Adh{F) . (4.3) 

The infinitesimal gauge transformations are then generated by taking h = e~*^ for A : E — g and 
expanding to the 1^* order in t. Let us start by establishing the transformation rule of the curvature 
3-form Ha of gerbe Qa over E x M under maps (|4.ip . 

Lemma 4.1. The 3-form Ha defined in 113.19}) transforms covariantly under the general gauge transfor- 
mations h : E — F .• 

LIHa = H,,-^A. (4.4) 
Proof. By virtue of the formula p.27|) . Lemma [3.91 the identity 

that holds on M, and relations (|3.24p . we have: 

{LlHA){x,m) = HA{x,h{x)m) = [ cxp[~t (,,.Q)(^)] il^.^-^HA{x, ■)] (to) 

= [^^Pl^ \h-e)ix) \ ^h{x) exp[-iA(a-)] {H + v{F{x)))]{m) 
= [exp[-/. (^,e)(x) ] exp[- Vd.-i(^))W) ] + ^ii^d^-i {F)){x)))] (to) 
= [exp[-^ (;,,e+Arf,_,(A))(.) ] {H + v{{Ad^-.{F)){x)))]{m) 
= Hi,-iA{x,m), (4.6) 
where the last equality follows from relations (|4.3p . 

■ 

Wc shall need below a few simple facts from the theory of gerbes. First, the pullback and the tensor 
product of gerbes commute. Second, the pullback of the gerbe Tb associated to a 2-form i? is a similar 
gerbe associated to the pullback 2-form. Third, the tensor product of gerbes Xbi ® for 2-forms Bi 
on the same space may be identified with the gerbe Ibi+B2- Fourth, the tensor product G ^ G* of a 
gerbe with its dual is canonically isomorphic to the trivial gerbe Iq which provides the unity of the tensor 
product. Fifth, if two gerbes are 1-isomorphic then so are their tensor products by a third gerbe and their 
puUbacks by the same map. 

To find out the transformation rules of the Feynman amplitudes under general gauge transformations, 
we have to compare the amplitudes AwzihifThA) and A]yz{^,A). Since 

Awzih(p,hA) = Holg,^^{LhO (j)) = HolLig^^{4>) and Awz{f-,A) = Holg^(4>) (4.7) 

for (f) = (Id, if), it will be enough to compare the gerbes L'^GhA and Ga whose curvatures, equal to 
LJ^HfiA and Ha, respectively, coincide by Lemma [4.11 From the latter property, it follows that those 
two gerbes are related up to 1-isomorphism by tensoring with a flat gerbe which we shall identify now. 
Consider the gerbe 

^ = Gi2®G2^I-p (4.8) 
over F X A/. It follows from Lemma [3.111 that J- is flat. 
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Proposition 4.2. The gerbes L^QhA and QA<Si{hx Id)*!' over S x M are 1-isomorphic. 

A proof of Proposition 14 . 2 1 by a cliain of relations, based on tire properties of gerbes listed above, may be 
found in Appendix fSl 

Taking into account relations (|4.7I) and the identities i/oZ(/jx7d)*j='(0) = Holjr{{h x Id) o (p) = 
Holjr{{h,Lp))^ Proposition 14.21 implies immediately the following transformation property of the Wess- 
Zumino amplitudes: 

Theorem 4.3. Under the gauge transformation induced by a map h : E — P, 

Awz{h^.hA) = Awzi'P,A) Hol^{{h,ip)). (4.9) 

■ 

One can be more specific. Note that from Eq. (|4.8p it follows that 

Holj^{{h,ip)) = Holg{hip) Holg{^)-^ exp(^-t J {h,Lp)*pY (4.10) 

In particular, taking /i = 1, we infer that IIoljr{{l, ip)) = 1. Indeed, the 2-form {l,ip)*p on E vanishes 
because the 2-form p is composed of terms of degree < 1 in the direction of M. More generally, 
since the flat-gerbe holonomies of homotopic fields coincide in virtue of the holonomy property (|2.4p . 
IIoljr{{h,(p)) = 1 if /i is homotopic to 1. 

Corollary 4.4. The Feynman amplitudes iS.lO]) are invariant under gauge transformations homotopic 
to 1. 

The gauge transformations homotopic to 1 are often called small. The remaining issue is the invariance 
of the amplitudes p.lOp under large gauge transformations that are not homotopic to 1. The holonomy 
of the flat gerbc J' on T x AI defines a cohomology class [T] € iJ^(r x M, U{1)) which is trivial if and 
only if the flat gerbe is 1-isomorphic to the trivial gerbe Iq. By virtue of deflnition (|4.8I) . the latter 
holds if and only if the gerbes Q12 and Ip ® Q2 over P x M are 1-isomorphic. Consequently, 

Corollary 4.5. The amplitudes US. 1 0|) are invariant under all gauge transformations if and only if the 
gerbes Q12 and Ip ® Q2 over V x M are 1-isomorphic. 

The class [7^], that will be more carefully studied in Sec. lVIl is the obstruction to the invariance of the 
Feynman amplitudes p.lOp under large gauge transformations. In other words, a non-triviality of the 
class [F] leads to a global gauge anomaly in the two-dimensional sigma model with the Wess Zumino 
term corresponding to the gerbe Q and coupled to topologically trivial gauge flelds. 

In the above analysis, we kept fixed the P-equivariant extension H + v{X) of the curvature H of the 
gerbe Q. A natural question arises whether one may use the freedom in the choice of v{X) to annihilate 
the global gauge anomaly. Clearly, the answer is that it may be done if and only if there exists a 1-form 
w{X) that is P-equivariantly closed for which [F] = [cr], where [a] denotes the cohomology class in 
H^{T X Af, C/(l)) induced by the closed 2-form a of Eg. p.30p . In many contexts, however, e.g., in 
applications to WZW and coset models of conformal field theory, that we shall discuss below, v{X) is a 
part of the structure tied to the symmetries of the theories and should not be changed. 

Similarly, one may ask whether it is possible to annihilate the global gauge anomaly by an appropriate 
choice of gerbe keeping the curvature form fixed. Since this involves tensoring Q with fiat gerbes 
whose 1-isomorphism classes belong to II^{M,U{1)), the answer is that this is possible if and only if 
[F] = [b]i2 — [b]2 for some class [b] G II^{M, U{1)). A change of Q to another non 1-isomorphic gerbe, 
however, implies a non-trivial change of the Feynman amplitudes of the ungauged sigma model, i.e. of 
the model itself. 



B. Global gauge anomalies in WZW amplitudes 

As an example, let us consider the case when AI = G, where G is a connected compact semi-simple Lie 
group, not necessarily simply connected. One has: G = G/Z, where G = XiGi is the covering group 
of G that decomposes into the product of simple factors, and Z is a subgroup of the center Z = Xi Zi 
of G. The factors Zi are cyclic except for those equal to corresponding to Gi = Spin{Ar). The Lie 
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algebra g of G decomposes as ©;g/ into the direct sum of simple factors. Let h be a Lie subalgebra of 
g corresponding to a connected but not necessarily simply connected closed subgroup H <Z G that maps 
onto a closed connected subgroup F of G/Z. Clearly, h is also the Lie algebra of F and F = H/Zy 
with Zr = H n Z. We shall consider G with the adjoint action of F. 

Definition 4.6. Below, we shall call a T-space M = G as above the one of the coset-model context. 

In the simplest case, h = g and T = G/Z. In what follows, the reader may think about this example. 
Over the group G = G/Z, we shall consider the gerbe Qk with the curvature 3-form 

H, = ^ktrQ^ (4.11) 

where 8 = g~^dg is the g-valued Maurer-Cartan 1-form on G and ktrXY ^/c/tr/X'y' stands for 
the ad-invariant negative-definite bilinear form on g given by the sum of such forms on g; normalized 
so that, if G = G, then the form Hk has periods in 2ttZ if and only if the level k = [ki) is composed of 
integers. For non-simply connected groups G, k has to satisfy more stringent selection rules [isl [23. l40j. 
The holonomy of gerbes Qk provides the Wess-Zumino part of amplitudes for the WZW sigma models of 
conformal field theory [s^, see the next section. 

Definition 4.7. We shall call Qk the WZW gerbes. 

There may be several non-l-isomorphic WZW gerbes Q^ over G (their 1-isomorphism classes are 
counted by elements of H^{Z,U{1)) in the discrete group Z cohomology Q). The adjoint action of 
group G/Z leaves the 3-forms Hk invariant. For X S g, the vector field X on G induced by the 
infinitesimal adjoint action: X{g) ~ ^ L=o^'^o-*^' (5) satisfies the relation i-x'^ig) = X — Adg-i{X). 
Hence, 

^xHk = ^ktTX{l-Adg){[e{g),e{g)]) = - ^ dktr X {I + Adg){e{g)) (4.12) 
so that, upon setting 

VkiX) - -^ktTX{l + Adg){e{g)), (4.13) 
47r 

the left one of conditions p.6p is satisfied. The 1-forms Vk{X) satisfy also the other conditions of l\'3.Q\i . 
Indeed, 

^XMY) = -^ktvY Adg^liX) + Adg{X)) 

= ^ ti X { - Adg^iiY) + Adg{Y)) = -iyVkiX), (4.14) 

CxVkiY) = ^±l^^±-ktTYAd:-.4il + Adgmg))) = - ±. ktvY Ad,-.. {{1 + Adg)ie{g))) 

= -^\,^,i^ktrYAd,.x{Y){l+Adg){Q{g)) ^ Vk{[X,Y]). (4.15) 

Of course, we may restrict X, Y above to take values in the subalgebra h C g. The 2-form pk,A on 
S X F given by Eq. (|3.9p and the 2-form pk on F x G given by Eq. p.26|) are given now by the formulae 

Pk,A = ^ktr{{l + Adg){e{g)) + Adg-.{A))A, (4.16) 

Pk = ^ktT{{l + Adg){e{g)) + Adg-^{e{J)))eiJ), (4.17) 

where 8(7) = '^^^dj is the Maurer-Cartan form on F. The 2-form pk.A enters the coupling, described 
in Definition 13. 3[ of the Wess-Zumino action to the h- valued 1-form A on S. 

Let us compute the holonomy of the fiat gerbe J^k = {Qk)i2 ® {Qk)2 ®'^-Pk O'^'^'' T x G, sec Eq. (|4.8p . 
Recall that the non-triviality of such holonomy obstructs the invariance of the Wess-Zumino amplitudes 
of Definition 13.31 under large gauge transformations. By Eq. (|4.10p . for h : S ^ F and ip : S G, 

Hol^^{{h,ip)) = Holg^{Adh{ip)) Holg,{(p)~^ exp(-Z^(/i,(p)*Pfc) =: ch,^ . (4.18) 
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Since J-k is fiat, tlic above liolonomy depends only on the liomotopy classes [h] and [(p\ of the maps 
h and ip. Besides it does not depend on whether we treat h as a, map with values in T or in GjZ. 
In the latter case, the homotopy classes of the maps h are in one-to-one relation with the elements of 
Zp"^, where w is the genus of E. The element ^2, -52tj-i, 52tj) corresponding to [/i] is given by the 
windings of h described by the holonomies 

Z2j_i = V exp( ^ /i*e), % = V exp( ^ /i*e), (4.19) 

of the non-Abelian flat gauge field /i*(9) on E. Above, V stands for the path-ordering (from left to right) 
along paths aj,bj, j = 1, . . . ,a;, that generate a fixed marking of the surface E, the latter assumed here 
to be connected, see Fig.[TJ Similarly for elements (zi, . . . , Z2u:) describing the windings of (p belonging 




FIG. 1: Genus 3 surface with a marking; broken red lines indicate the contours of its version with pinched handles 

to Z^^. By pinching off the handles of the surface the same way as in Sec. Ill of [1^, one notes, using 
the commutativity of the fundamental groups of G/ Z and of G, that 

Ch,ip = C(zi,...,Z2^),(zi,...,Z2u) = 'Y\_^i^2j-l,i2j),{^2j-l-Z2j) ■ (4.20) 

Hence, the calculation of Ch.ip reduces to the genus 1 case with E = S*^ x S^. Let us choose the Cartan 
subalgebras th C h and tg C g so that th C tg. On E = S*^ x S*^, one may take h ~ hp-^ p-^ and 
= Vp^p^ with 

'ipr>P2^(e'''Se'''') = e'^'^iP^'+'^^P^^) , tp^v pV (e ''"^ , e '""^ ) = e^i'^^P^i+'^^P^) ^ (4.21) 

where p( S Zth and p( G itg arc such that the windings 1; c'^'^'-Vi g Zy and Zi ~ e^'^'^* G Z. Note 
that and have to belong to the coweight lattice composed of elements G ttg such that 
g27ri,p'' g ^ Since Adh-.^j pvifp^^p^) — V'p^.p^: the formula (|4.18p gives 



■ .27r .27r 

= exp I — / / ktr {daipX + d(T2P2){d(Ji{pi + (icr2P2 ) 



Jo 

= exp{2Tnktr{p\p^-p^,p^)). (4.22) 

That the right hand side depends only on the windings is assured by the restrictions on the level k that 
guarantee the existence of the WZW gerbe Qk on G. The holonomy of the flat gerbe J-^ is trivial if 
and only if the above expression is always equal to 1 for the windings restricted as above (compare to a 
similar discussion in [l^). From Corollary 1^31 we obtain 

Proposition 4.8. For the T-space M = G in the coset-model context, see Definition \4-(>\ the WZ 

Feynman amplitudes iS.lOp are invariant under all gauge transformations if and only if the phases 
are trivial. 

■ 

The examples where the phases (|4.22p are non-trivial are numerous. They include G = T ^ G / Z 
for G = SU{r + 1) with r even and fc = 1 or with r > 3 odd and k = 2. Another example is 
G = F = Spin{2r) /X\ with r divisible by 4 and k ~ \. In all those cases (and many others), the 
amplitudes p.lO[) of Definition 13.31 exhibit a global gauge anomaly. On the other hand, there is no global 
gauge anomaly for the gauge fields A given by global 1-forms on E for G = G because in this case 
= 0. 
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The best known case with a non-simple group G is G SU{2) x SU{2). The restrictions on the 
level k = (fci, imposed by the existence of the gerbe Qk with curvature Hk on G = G/Z depend on 
Z C Z = Z2 X Z2. 

fci e Z, fca G Z if Z = 0, 

ki 6 2Z, fca e Z if Z = Z2 © , 

fci e Z, fca e 2Z if Z = ® Z2 , 
ki G Z, fc2 G Z, fci + fc2 G 2Z if Z = diagZ2 , 

fci G 2Z, fc2 G 2Z if Z = Z2 © Z2 . 

For r = G/Z = 5*0(3) x 50(3), with the adjoint action on G and pi,p[,pi,p[ G Z, 

(, — ^_]^^fcl(PlP2-PlP2) + &2(p'iP2-p'lP2) (4 23) 

(((-l)Pl,(-l)'''l),((-l)P2,(-l)P2)),(((-l)Pl,(-l)P'l),((-l)P2,(_l)P2), 

We infer from this expression that the only case with a global anomaly of the gauged WZ amplitudes 
(|XTU)) of Definition ESI is the one with G (5[/(2) x 5[/(2))/diagZ2 with odd fci, fc'2. If one restricts, 
however, the group F to the diagonal 50(3) subgroup of 5*0(3) x 5*0(3) then the global gauge anomaly 
disappears. Another anomalous example with a non-simple group is G = (5*[/(3) x 5*[/(3))/(Z3 x Z3) 
at level fc = (1, 1) with the adjoint action of F = diag(5C/(3)/Z3). 

The non-anomalous gauging of the adjoint action of the diagonal 5*0(3) subgroup in the WZW model 
with groups (5*C/(2) x SU(2))/Z is used in the coset model construction [30| of the unitary minimal 
models of conformal field theory [l^, . Other coset theories involve other versions of gauged WZW 

amplitudes and may suffer from global anomalies, as will be discussed below. 



C. Anomalies and WZW partition functions 



The results of the calculation of the global-gauge-anomaly phases in the last section are consistent with 
the exact solution for the toroidal partition functions of the WZW models of conformal field theory in an 
external gauge field. 

Let us start by considering the level fc WZW sigma model on a closed Riemann surface E with the 
Lie group G = G/Z as the target manifold. The Feynman amplitude of a field (f : E ^ G in the 
background of the external gauge field described by a g-valued 1-form A on E is given by the formula 

Awzwi'P,A) = cxp(^ J ktTtp-\dAf)i'P'^dA^p)^ Awz{^,A) , (4.24) 

where Da = d + adA^o and Da = d + ad^ioi are the minimally coupled Dolbeault differentials relative 
to the complex structure of E, for A = A^^ + The WZ amplitude AwziVi A) is related to the 

holonomy of the WZW gerbe Qk on G, with the adjoint action of the group F = G/Z gauged as 
described previously. 

Let E = 7^ := C/(27rZ + 27rTZ) be the complex torus with the modular parameter t = n +iT2, where 
the imaginary part T2 > 0. The toroidal partition function is formally defined by the functional integral 
over the space of maps ip : Tt G 

Z'^{t,A) = J Awzwi^,A)D^. (4.25) 

Map{%,G) 

Its exact form may be found from (formal) symmetry properties of the functional integral. The result 
has a specially simple form for the gauge fields 

* udw — udw /. 

Au - j;^ 14. ^Oj 

with u in the complexified Cartan algebra tg of g and w the coordinate on the complex plane (for 
other gauge fields, it is then determined by chiral gauge transformations [l^). When the group G is 
simply connected, i.e. G = G, one has 

Z«(r,AO = \xUr.u)\^ exp[ -^"^';-'^n . (4-27) 

AeP+(g) 
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where xt a affine characters, 

xL(r, u) = tr^s^ exp(27rz [r (Lf - J) + ) , (4.28) 

of the unitary highest-weight modules V^^^ of level k and highest weight A of the affine algebra g 
associated to the Lie algebra g [1^, [s^ . stands for the corresponding Sugawara-Virasoro generator 
and cf for the Virasoro central charge. The admissible highest weights A form a finite set Pi^{g). We 
consider weights as elements of itg, identifying the latter space with its dual by means of the bilinear 
form tr. 

For non-simply connected groups G = G/Z, the toroidal partition functions take a more complicated 
form [Tsj . The space of (regular) maps from 7^ to G has different connected components that may be 
labeled by the windings: 

Map{rr,G) = U Map^^ ^^(Tr^G), (4.29) 
{zi,z2)ez^ 

where for Zi — e^'^'P^', Map^^ _^ contains the maps homotopic to V'p^.p^ of Eq. (j4.2ip (viewed as a map 
on 7^ via the parametrization of the complex plane by w = ui + t(J2 ) ■ Let 



Z^^^^(t,A) = j Awzwi^,A)Dip (4.30) 

SO that 

Z«(r,A) = J2 ^Zj^^^y (4.31) 

{zi,z2)ez^ 

By writing ip = ippV pVip^ where (p has trivial windings and may be lifted to a map from Tt to G, one 
may relate the functional integral for Z'^ (''"i ^) to the one for Z'^{t,A) using the chiral Ward identities 
fl^. One obtains this way the formula 

JI\ Holg^{ippVpv)exp[-iktrp'^{p2-Tp'^)~2nLktrup'^] 



■xU{r^u+p--rpX)xlAr.u) exp[!^^^^^], (4.32) 

where \Z\ stands for the cardinality of Z and the values of Holg^{(ppV ^pv) may be found in Sec. IV of 
[2^ . There exists a spectral flow A zA on (g) (and on the set of the corresponding highest- weight 
modules of g) induced by the elements z of the center Z of G [11] . The highest weight zA is uniquely 
fixed by the property that 

^2^i.k-^zA zAd^^ic^'''''''^) (4.33) 

for some in the normalizer of the Cartan subgroup of G. The characters of the g-modules with the 
highest weights connected by the spectral flow satisfy the relation 

exp [-nik tr {p^ - rp^ )pi - 27rtA: tr up^] x|,a(t, u + p^ - rp'O 

= exp[2TTitvp^A ~ TTikti-p^p^] xl,^i^iT,u) (4.34) 

for any Pi and P2 in the coweight lattice . As a result, Eq. (|4.32|) may be rewritten in the form 



^L^ir^Au) - ^ E ^..JA) 4,-a(-'") xUr,u) exp[:^^^^] , (4.35) 

A6P+(g) 

where 

e.i.^JA) = Holg^{ippv ^pv) exp[27ritrp^A - niktTpXp^] (4.36) 
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defines a eharacter on Z through its dependence on z^. Let, for z G Z, 

:= { A e P+(g) I e,,,,(A) 1 for all z^^Z). (4.37) 

Summing both sides of Eq. (|4.35p over z\ and Z2, one obtains the following formula for the complete 
partition function of the group G y^TN^ model at level k : 



Z«(r,A„) = ^ Y: Xt-.^{r,u) xUr,u) exp[^^^^] . (4.38) 

AeP+(g)nc^ 

The space of states of the model that can be read off from this formula has the form [l^, |4^ 



H^' = ffi ( ® ^t-A® • (4.39) 

z€Z ^Aep+(g)nCz ^ 

The transformation properties of the WZW partition function (|4.35p under large gauge transformations 
/ipV pV of Eq. (|4.2ip are determined by the equality 

hf,x,p)^Au = Au-p-y^+rpX I (4.40) 
and by identity (|4.34p for the affine characters. With help of these relations, one obtains 



= M E exp[-2.ztrp-(zr^A-A)] xt^,-.^(r, «) xt,A(-, exp[^^^^^] , (4.41) 

Ae-Pfc+(g) 

where, as before, Zi = e^'^'P' . It is easy to see, using Eq. (|4.33p . that 

exp[-27ritrp2(^r^A- A)] = exp(27ri fctrp^pa ) (4-42) 
for any A G ^^^"(g). Replacing A by z^'^K on the right-hand side of Eq. (|4.4ip and using the relation 

e^^,^^(z7iA) = exp[-2^Zfctrp^p^] e__^,__JA) (4.43) 
that follows from Eq. (|4.42p , one obtains 

Proposition 4.9. The transformation law of the toroidal partition function \4-S5\j under large gauge 
transformations is described by the identity 

^f.^J^^hr-.P^.^u) = c^z,.i,).Xz„.,) 2f^^Jr,Au), (4.44) 

where the phases C{zi,z2),{zi,z2) '^'^6 given by Eq. {4^.22^ . 

If we assume the gauge invariance Dip — D{hip) of the formal functional integral measure, then the 
above anomalous transformation property follows from the functional integral expression (j4.30p and the 
relation 

Awzw{.hp^^.p':i'P,hpy^,p^A) = C(^^,^2),(^j,^2) Awzw{.V,A) (4.45) 

for if G Map^_^^^{TT,G) which is a consequence of Eq. (|4.9p (the minimally coupled term of the WZW 
action (|4.24p is invariant under all gauge transformations). 

As an example, let us consider the simplest gauged WZW model that exhibits a global gauge anomaly, 
namely the one with the target group G = SU{i)/1-i at level = 1 and the gauged adjoint action of 
r = G. For the simple coweights of sm(3) (identified with the simple weights), we may take 

= diag[|, = Ai , A^ = diag[|, |, -|] = A2 . (4.46) 

The element z = e'^'^^^^ = diag[e^,e~T^,e~T^] generates the center Z3 of SU{3). The set 
P^{su{3)) contains three weights A = riAi + r2A2 with (ri,r2) = (0, 0), (1, 0), (0, 1). We shaU de- 
note the corresponding level 1 affine characters by X(ri,r9)- The toroidal partition functions Z^{t,u) := 
Z^{t,u) exp[ — 2±i£^^z:£)ij with fixed windings are, according to Eq. (|4.35p . 



= |(IX(o,o)l' + IX(i,o)l' + IX(o,i)l') 
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Zl. = |(|X(o.o)l' + e^|x(i,o)l' + e^|x(o,i)l'), 
^1^.2 = |(IX(o,o)P + e^|X(i,o)l' + e^|X(04)l') ' 
^ |(X(o,i)X(o,o) + X(o,o)X(i,o) + X(i,o)X(o,i)) ' 
= |(e'^X(oa)X(o,o) +c^X(o.o)X(i,o) +X(i,o)X(o,i)) ' 
^^^2 = |(e"^X(o,i)X(o,o) +e^X(o,o)X(i,o) +X(i,o)X(o,i)) ' 
= |(x(i,o)X(o,o) + X(o,i)X(i,o) + X(o,o)X(o,i)) ' 



Zz^,z = l(e ^ X(i.o)X(o,o) +X(o,i)X(i,o) +e 3 x(o,o)X(04)j ' 
Z$.,2 = |(c'^X(i.o)X(o,o) +X(o,i)X(i,o) +c^X(o,o)X(04)) 



Since 



exp {^(j)\V2 -P1P2)), (4.47) 



the transformation rule 14 . 441 implies that all the sectors with non-trivial windings suffer from global gauge 
anomalies. Summing over the windings, one obtains the total partition function of the level 1 WZW 
theory for the target group G = 5t/(3)/Z3: 

= IX(o,o)P +X(i,o)X(o,i) +X(o,i)X(i,o) ■ (4.48) 
It should be contrasted with the anomaly-free level 1 partition function for the covering group G ~ SU (3) : 

2"" = IX(o,o)l' + IX(i,o)r + IX(o,i)r (4-49) 

D. Implications for coset models 

Consider now the group F = H/Zr, where H is a. connected closed subgroup of G with Lie algebra 
h C g and Z-p = H O Z. F = F/Zp where F is the covering group of F (and of H) and is the 
subgroup of its center composed of element that project to Zr C H. Of course, one has to distinguish 
between Zr and Zr only if the subgroup H is not simply connected. The so-called G/F coset model 
of the conformal field theory is obtained by gauging the adjoint action of F on G = G/Z in the g roup 
G level k WZW model and by integrating out the gauge fields in the functional integral 0, [H, HH, |39| . 
In particular, the contribution of the topologically trivial gauge fields to the toroidal partition function of 
the G/F coset model is formally given by 

Z^/i^(t) = J Z^{t,A)DA, (4.50) 

where A are 1-forms on %- with values in the Lie algebra h. Clearly, due to the decomposition (|4.3ip . 

Z^/^{r) ^ Y: Zf/lir) with Zf/lir) = [ ZlJr,A)DA. (4.51) 

{zuz2)ez^ 

The functional integral (|4.50p may be computed by an appropriate parametrization of the gauge fields A 
[2^ . In particular, when h is semi-simple, the result is p^. [3^ 



A6P+(g) A6P+(h) 

where b^'^ ^{t) are the branching functions that are the characters of the coset Virasoro modules V^'^^. 
The latter appear in the decomposition [29j 

^^A = ® _ vi:L ® Vtx (4-53) 
Aep+(h) 
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of the level k unitary highest-weight modules of the affine algebra g into similar modules of the affine 
subalgebra h C g at the level k induced by restricting the bilinear form k tr on g to h. By definition, 

blix{r)=X^y,^ exp(2^^r(L§-4-^)). (4.54) 

The decomposition f|4.53p implies the one for the characters: 

xlAr.u) = b!:tir) xt(T,«) (4.55) 

Aep+(h) 

for u in the complexified Cartan algebra of h. 

From the gauge transformation rule (|4.44p . we should expect that the sectors with fixed windings 
(zi,Z2) of the group G WZW theory which transform in the anomalous way under the large gauge 
transformations /ipV pv : %. T give vanishing contributions to the partition function of the coset 
theory. This is, indeed, the case. 

Proposition 4.10. // Cj-j^ j2).(zi,z2) for some (zi,Z2) £ then the partition function given 
by Eq. \4 . 52^ vanishes. 

Proof. Denote by Pp the subset of the set C ith C itg of coweights of h composed of such that 
z = q'^^'-p g Zt when viewed as elements of f (or that z € Zt when viewed as elements of H d G). 
Clearly Pp C Pg . The vanishing result is a consequence of the following properties of the branching 
functions: 

^l,A,A = if exppTTttrp^A] =^ exppTrZtrp'^A] for some p"^ £ Pp , (4.56) 

bl;L,x-tl, for S^e-'-'f^ and 6 . (4.57) 

The first of these relations follows from the fact that the central elements c^^^p'^ act by multiplication by 
the same scalars in the modules V^^ and appearing in the decomposition (|4.53p . The second one 

is a consequence of the isomorphism between the coset Virasoro modules V^'^^ with the weights related 

by the spectral fiows under elements e^'^'^ . Note that both relations are consistent with the fact that 
the identity (|4.34p is satisfied by the characters of both affine algebras g and h. 

If C(^zi,z2),izi,z-,) 7^ li then either exp[27rZA: trp|['p2 ] 7^ 1 or cxp[—2Tr Lktr p^p)^] ^ 1 for some G Pp , 
see Eq. (11221) ■ Relation (|4?56| implies that if exp[27rt A: trp^l^p^] = cxp[-27rZ trp^(zf - A)] 7^ 1 for 
some P2 G Pp , then, for each pair (A, A), either b^'^^i = or bf'^^ = so that Z^^^ vanishes. 

Similarly, using relation ()4.57p and Eq. (|4.43p . we infer that if exp[— 27rZ k trp^pj ] 7^ 1 foi' some G Pp , 
then Z^^^ vanishes too. 

As we see, global gauge anomalies in the WZW model lead to selection rules for the contributions to the 
partition functions of the G/T coset model. 

Let Z C Z he the non-anomalous subgroup that is composed of the elements z = e G Z such 
that exp[27rt fctrp^p^] = 1 for aU p^ G Pp , and let G" = G/Z' be the corresponding quotient of G. 
Proposition 14. 101 and Eqs. ()4.52p imply that 

Z^/^ir) = \^Z^'/^{r). (4.58) 

Upon summation over windings in {Z')'^, the partition function on the right-hand side may be rewritten 
in the form 

^"'^'W - ^ E E E ^I^^a^aW (4-59) 

2e2' AeP+{g)ncl AeP~+(h) 

where is defined as in (|4.37p but with the subgroup Z replaced by Z'. Due to relation (|4.56p . we 
may restrict the sum on the right-hand side to pairs (A, A) such that the elements of e^'^''^ for p^ G Pp 
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act by multiplication by the same scalar in V^*^ and in V^y Then, also the pairs (z ^A, A) for z ^ Z' 

and (2 A, zA) for z = e^'^'P" will have this property due to Eq. (|4.42p . Besides, it follows from Eq. (|4.43p 
that if A S then zA S for all z E Zr (unlike for Cz if Z' is strictly smaller than Z). As a result 
of this observations and of relation (j4.57p . one may rewrite the sum over weights on the right-hand side 
of Eq. (|4.59|) as a sum over orbits [A, A] of the diagonal spectral flow of Zr- Denoting by Vz the space 
of such orbits with A G C', we infer that 



^^'^"W = E E ^^t-A,A(-) ^I.a'aW' (4-60) 

where iSia^a] <^ denotes the stabilizer subgroup of the elements of the orbit [A, A]. If 5'[a.a] is trivial 
for all orbits [A, A] then the last expression for the partition function Z'^ ^^{t) is consistent with the 
following form of the space of states: 



Identity ()4.58p now implies that, on the contrary, barring further identifications of the coset Virasoro 
representations Q, the partition function Z'^^^{t) lacks a Hilbert-space interpretation if the group Z' 
is strictly smaller than Z, i.e. if the group G WZW model suffers from global gauge anomalies relative 
to the adjoint action of F. This points to the inconsistency of the G/T coset model in that case. On the 
level of the partition function, this inconsistency is of a mild nature since one may turn the inconsistent 
partition function Z'^l^ into the consistent one Z'^ by changing the normalization. 

In the case when G = SU{?))/'L^ = T, the G/T coset theory is topological and its partition function 
is T-independent. The branching functions vanish if A 7^ A and are equal to 1 otherwise. At level 1, all 
coset partition functions with non-trivial windings vanish and 

^G/r ^ ^G/r ^ 1^ 

In a consistent two-dimensional topological field theory, the partition function is equal to the dimension 
of the space of states and cannot take a fractional value, confirming the inconsistency of the level 1 G/T 
coset model for G = SU{?>)/'L^ = F. On the other hand, the non-anomalous subgroup Z' G Z ^ 1-^ is 
trivial so that G' = G = SU{3) in that case, and for the anomaly-free level 1 G/F coset theory, 

Z*^/^ = 1, (4.63) 

corresponding to a 1-dimensional space of states. 

It was pointed out in [i^ (for the diagonal coset models corresponding to simply connected groups 
G = G = G') that, in the presence of fixed points (Aq, Ao) of the diagonal spectral flow of Zr, there 
is a further problem with the Hilbert space interpretation of the partition function (|4.60p because of the 
appearance of the fraction It was shown in [l6j within an algebraic approach how to resolve 

such flxed points to repair this defect. Somewhat earlier, in [s^ . it was argued that the problem may be 
resolved on the Lagrangian level by adding to the partition function (|4.60p contributions from the sectors 
with gauge flelds in the topologically non-trivial principal F-bundles P over Tt (it was also shown that 
such contributions vanish if there are no fixed points (Aq, Aq) of the diagonal spectral flow of Zr). For 
the sectors with topologically non-trivial gauge fields, the WZW sigma model fields are sections of the 
associated bundle P XpG with respect to the adjoint action of F and the globally gauge invariant WZW 
amplitudes in the gauge field background may be defined with the help of a F-equivariant structure on 
the WZW gerbe Qk over G, as will be explained in the following section. 



V. COUPLING TO GENERAL GAUGE FIELDS 



A. Equivariant gerbes 

We showed in Sec. lIIII that the invariancc of the Fcynman amplitudes (I3.10p under all gauge transformations 
requires the existence of a 1-isomorphism between the gerbes Q12 = £*G and 2p (g) G2 over F x M. Here, 
we shall strengthen this property by introducing the notion of F-equivariant gerbes in the way that will 
subsequently assure the gauge invariance of the Feynman amplitudes coupled to topologically non-trivial 
gauge fields. 
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Definition 5.1. A gerbe Q with the curvature H possessing a T-equivariantly closed extension H{X) ~ 
H + v{X) will be called T-equivariant relative to the 2-form p given by Eq. \3.2b]) if it is equipped with a 
pair {a,/3), called a T-equivariant structure, such that 

(i) a : Qi2 — *- 2p ®Q2 is a 1 -isomorphism of gerbes over T x M; 

(ii) 13 : (Id CE) (32,3) o ai 23 ai2.3 is a 2-isomorphism of 1 -isomorphisms of gerbes over x M ; 

(Hi) the following diagram of 2-isomorphisms between 1 -isomorphisms of gerbes over xM is commu- 
tative: 



[Id (g) a;3,4) o (Id (g) 02,34) ° ai. 



234 



(5.1) 



(7d®fe,3,4)o7d 



{Id (K) 023,4) o ai,234 



/3l,23,4 




/5l,2,34 



[Id (g 03,4) o a 



12,34 



Q;i23,4 



F-equivariant gerbes over A/ form a 2-category Grb^{M)^ . A 1-isomorphism between two F- 
equivariant gerbes, 



(5.2) 



(5.3) 



is a 1-isomorphism x ■ ^^'^ ^ 2-isomorphism r/ : (Id (E) X2) ° o;" => o xi2 between 

1-isomorphisms of gerbes over F x M, such that the diagram 

(/d(8)X3)o(/d®a2,3)°<,23 



(/rf«'X3) °a?2,3 




{Id ® (a^ 3 o X23)) o a? 23 





(/d ® 3) o a? 23 o X123 



> "12,3 ° X123 



of 2-isomorphisms between 1-isomorphisms of gerbes over F^ x M is commutative. 1-isomorphic F- 
equivariant gerbes necessarily correspond to the same curvature H and to the same 2-form p and, con- 
sequently, to the same F-equivariantly closed extension H . The identity 1-isomorphism of F-equivariant 
gerbes is given by the pair (x, r\) = {Id, Id) for which the diagram (|5.3p reduces to a trivially commutative 
one. Finally, a F-equivariant 2-isomorphism 



is a 2-isomorphism e : x =^ x' such that the diagram 

{Id (E) X2) oa" " • 

{Id(»£2)oId 



> a" o xi2 

Idoti2 



(5.4) 



(5.5) 



{Id ® X2) ° a" o xi2 



is commutative, which is trivially the case for the identity 2-isomorphism Id : x =^ X when also rj' = 77. 
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Remark 5.2. 

1. Wc shall say that two F-cquivariant structures (q;°,/3") and {a^,/3^) on the gcrbc Q are isomorphic 
if the F-cquivariant gcrbes {Q,a'^,(3°-) and {Q,a'',(3'') are 1-isomorphic. 

2 If (5", a", /3°) is a F-equivariant gcrbc, then for each 1-isomorphism of gcrbes 6 : Q"' Q'' there 
exists a (F-equivariant structure (a'',/?^) such that the F-equivariant gcrbc (C?", a", /3") and {Q^,a^,f3^) 
are l-isomorphic. 

3. F-equivariant gerbes {Q, a, /3) over a F-space M may be pulled back to F-equivariant gcrbes 
{f*G, /2 /s /?) over another F-space N along F-equivariant maps f : N ^ M. Similarly, their 1- 
and 2-isomorphisms may be pulled back. 

4. For any subgroup F' C F, the restriction induces a F'-cquivariant gcrbc from a F-cquivariant gcrbe 

5. For discrete groups F, the above definition of F-equivariant gcrbes. 1-isomorphisms and 2- 
isomorphisms is equivalent to those introduced in [2^ (where the actions of F that change the sign 
of the curvature 3- form H were also considered). 

There is a sub-2-category Grb^{M)Q composed of those F-equivariant gerbes G whose curvature H 
is F-equivariantly closed and the 2-form p = 0. Below, we shall need the following result, a particular 
consequence of the general descent theory for gerbes: 

Theorem 5.3. Suppose that F acts on M in such a way that M' = M/T is a smooth manifold and M 
forms a smooth (left) principal T -bundle uj : M M' . Then, there exists a canonical equivalence 

Grh^{M)l = Grb^{M'). (5.6) 

In particular, a gerbe Q over M that is F-equivariant relative to the zero 2-form descends to a gerbe Q' 
over M' whose pullback by w is 1-isomorphic to Q. The equivalence of Theorem [5]3] commutes with the 
puUback functors: /* of Grb^[M)\ induced by a F-equivariant map f : N ^ M and /'* of Grb^{M') 
induced by the projected map /' : N' AI' . 

We give a proof of Theorem 15.31 in Appendix |31 employing results of [i^ . 



B. WZ amplitudes with topologically non-trivial gauge fields 

In Sec. mil we discussed only topologically trivial two-dimensional gauge fields, i.e. connections in the 
trivial principal F-bundle over the worldsheet E. Here, we shall consider connections in a general principal 
F-bundle tt : P S. Such connections are g- valued 1-forms ^ on P with the following defining 
property: 

(rM)(p,7-') = Ad^{A{p) - 6(7)), (5.7) 

where r : P x F P is the right action of F on P. For a F-cquivariantly closed 3-form H{X) = 
H + v{X), consider the 2-form on M := P x M given by the formula 

PA ■■= -viA) + '^L^viA) , (5.8) 

compare to the left one of Eqs. p.9p . Below, the map £ : T x AI M will denote the left action of F 
on M : 

i{'y,{p,m)) ■= (r(p,7"^), ^(7,m)) = (p7"\ 7m) . (5.9) 

For maps and forms on the product spaces F" x M, we shall use the notation from the beginning 
of Sec. nil Cl marking the subscript indices with a tilde. The subscript indices without a tilde will be 
reserved for the factors in the expanded expression F" x P x M for the same spaces. One has the 
following counterpart of Eq. (j33T]): 

Lemma 5.4. As forms on V x M = T x P x M, 

i.PA)l2 = (P^)2,3 - Pi,3 = {pa)2 - Pi,3- (5.10) 
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A proof of Lcmma l5.4l is given in Appendix fSl 

Let Q he a, gerbe over M with the curvature H which extends to the F-equivariantly closed form 
H ~ H + v{X). Define a gerbe over M = P x M by setting 

Ga ■■= Ip^®Q2- (5.11) 

Note that the curvature of Qa is given by the closed 3-form 

Ha ■■= dpA + H2 . (5.12) 

For the puUback of Ha under the action ^ of F on M, we obtain from Lemmas 15.41 and 13. 1 II 

{HA)i2 = d[pA)i2 + {e*H)i,3 = d{pAh - rfpi,3 + dpi,3 + H3 = {HAh ■ (5-13) 

It follows that Ha (without any further extension) is a F-equivariantly closed form on M. 

Proposition 5.5. Let (Q,a,(3) be a T-equivariant gerbe over M in the sense of Definition \5.l\ and let 
P be a principal F -bundle over the surface S with connection A. Then the gerbe Qa over M = P x M 
may be canonically equipped with the structure of a T-equivariant gerbe relative to the zero 2-form. 

Proof. First, we have to construct a 1-isomorphism ctA of gerbes over T x M : 

aA ■■ {GA)i2 — {0Ah ■ (5.14) 

It is obtained as the composition 

{Ga)i2 = ^{pA)i2 ® ^13 ^iPAhi ® ^Pi,3 ® ^3 = lipAh <^ ^3 = {Ga)2 , (5.15) 

where we used Lemma 15.41 Hence, a a is the tensor product of the identity 1-isomorphism of the gerbe 
-^(pa)i2 '^ith the 1-isomorphism ai.3. 

Next, we have to construct a 2-isomorphism /3a between 1-isomorphisms of gerbes (0^)123 and {Ga)3 
over F^ X M 

i^A ■■ (a-4)2,3 ° ("-4)1,23 ^ ("^)i2,3- (5-16) 
Note that (q;^)i 23 is the 1-isoniorphism 

iGA)i23 = 2:(p^)i53 ® ^124 J(p^)j-- ® 2, e?24 = %^)^3 ® ^24 = (^^.4)23 (5-17) 

since Lemma [53] implies that (p^)i23 + Pi,24 = (y5^)23- Similarly, (0:^)23 is the 1-isomorphism 

(^^)23 = 2:(p^)53 e^24 ^'^^""'^ ' I{pAh3 ®^P2A ® ^4 = I{~pAh®Qi = {Qa)3, (5.18) 

where we used the relation {pa)23 + P2.4 = {pa)3; again following from Lemma 15.41 Hence, (q!a)2 3 ° 
{ola)i 23 is the 1-isomorphism 

ld®a-i 24 /d®Q2 4 

^(P^)l23 ®Sl24 ^ ^{pA)m ®^P1,24 ® ^24 ^ ^(P-4)l23 ^ ^Pl,24 ® ^P2,4 ® Gi = I{pAh ® ^4 (5.19) 

that is the tensor product of the identity 1-isomorphism of the gerbe Z(p^)--- with the 1-isomorphism 
(Id (S) 0-2,4) ° ai,24- On the other hand, {aA)i2 3 is the 1-isomorphism given by 

(^>t)i23 = 2:(p^)i23 ®^124 X(p^)j23 «)Ipi2,4 » ^4 = I{pAh®G4 = {Ga)3 (5.20) 

because (p^)i23 + Pi2a = {pa)3i once again in virtue of Lemma 15.41 Comparison between (j5.19p and 
(|5.20p . and Definition [0](ii) show that we may take for /3a the 2-isomorphism obtained by tensoring the 
identity 2-isomorphism between the identity 1-isomorphisms of the gerbe I(p^)--- with the 2-isomorphism 
A, 2,4 : 

^A ■■= Id®Pi,2A- (5-21) 
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We have to check that the l-isomorphism Q!_4 and 2-isomorphisni make the diagram 

("^)3,4 ° ("-4)2,34 ° ("-4)1,234 (5.22) 




(".4)123,4 



commutative. It is easy to see that the above diagram may be identified with the tensor product of 
the identity 2-isomorphism between the identity 1-isomorphisms of the gerbe I(^p^y^^^^ by the pullback 
of diagram (|5.ip along the projection from x P x M to F'^ x M . This assures its commutativity, 
completing the proof of Proposition [53] 

■ 

The action (|5.9p of F on M is free and the quotient space M/F = P XpM =: Pm is the associated 
bundle over E with the typical fiber M . The space M may be viewed as a (left) principal F-bundlc 
uj : M Pm ■ Theorem 15.31 and Proposition 15.51 have as the immediate consequence 

Corollary 5.6. The gerbe Qj^^ on M descends to a gerbe Qj{ on P]\i whose pullback along uj is 1- 
isomorphic to Sa- -^'^ particular, the curvature of Qj\^ is equal to the closed 3-form on P]\i whose 
pullback to M coincides with H^. 

In order to couple the sigma model with target M to a gauge field A in the principal F-bundle 
TT : P E, one has to modify also the sigma-modcl fields. In the gauged model, they become global 
sections $ : E Pm of the associated bundle rather than maps from E to M. 

Definition 5.7. Let {Q,a,l3) be a T-equivariant gerbe over M and P a principal T-bundle with con- 
nection A over a closed oriented surface E. The Wess-Zumino contribution of a field $ : E — Pj^j to 
the gauged Feynman amplitude is defined by 

Awz{^,A) := HolgJ'l'). (5.23) 

Remark 5.8. The above constructions are functorial with respect to isomorphisms of principal bundles 
P. If P is trivial, i.e. P = E x F, then the gauge fields A may be related to g-valued 1-forms A on M 
by the formula A{x, 7~^) = Ad^ {A{x) — 6(7)) . In this case, the associated bundle Pm rnay be naturally 
identified with E x M, and the gerbe Qa with the gerbe Qa defined by relation (|3.9p . One recovers this 
way the coupling to the topologically trivial gauge fields discussed previously, see Definition 13.31 



C. General gauge invariance 



For the general case of gauge fields A corresponding to connections in a principal F-bundle tt : P E, 
the general gauge transformations h are defined as sections of the associated bundle Ad{P) = P Xaj,^- 
The latter is composed of the orbits { {pj'^^ , Ad'^{j)) | 7' G F} := [(p, 7)] of the action of F on 
P X F. Orbits [(p,7i)] and [(p, 72)] may be multiplied to [(^,7172)] so that Ad{P) is a bundle of 
groups. Consequently, sections of Ad{P) may be multiplied point-wise, forming the group of gauge 
transformations. An orbit [(p, 7)] acts (from the left) on the fiber 7r^^(7r(p)) C P by the mapping 

P7' I *- Pll' =■ [{P,l)]-Pl'- (5.24) 

This action induces a left action of gauge transformations h on P by principal F-bundlc automorphisms 
Xh given by 

P3p h{x)-p. (5.25) 

Gauge transformations of the gauge field A are defined as 

A I *- hA:^X;i-iA. (5.26) 
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Note that the maps 



Lh Xh X Id (5.27) 

from M = P X M into itself are F-equivariant, i.e. they commute with the action (|5.9p of F on M. 
Consequently, they descend to automorphisms Lh of the associated bundle Pm = P XrM. Gauge 
transformations of sections $ of P^ are defined by the formula 

$ I Lh o $ =; /i$ . (5.28) 

In the case of the trivial bundle P, the associated bundle Ad{P) is also trivial and the sections h of 
Ad{P) reduce to maps from E to F. Their action on gauge fields A agrees with the action (|4.3p on the 
1-forms A related to A as in Remark 15.81 Similarly, their action on sections $ of the trivial associated 
bundle agrees with the one considered in Eq. ()4.2p . The invariance of the amplitudes Awz{^, A) from 
Definition 15.71 in the case of the trivial bundle P is assured by the assumption of the F-equivariance of 
the gerbe G- Indeed, as follows from Corollary 14. 5[ only property (i) of Definition 15.11 is needed in that 
case to guarantee the gauge invariance under general gauge transformations. Here, we shall prove for a 
general principal F-bundles P, 

Theorem 5.9. The amplitudes Awzi^, A) of Definition [5?7| are invariant under all gauge transforma- 
tions, i.e. 

Awzih<i>,hA) = Awzi<i>,A) (5.29) 
for all sections h of the bundle Ad{P). 

Proof. We have to show that 

Holg,jLhO<i>) = HolL^g^A'^) = iJo/e^($) (5.30) 

for every /i, $ and A. This follows if there exists a 1-isomorphism between gerbes L^GhA a-nd Ga- 
Recall that gerbe Ga over Pm descended from the F-equivariant gerbe {Ga, ctA, Pa) over M, see 
Proposition 15.51 and Corollarv 15.61 Since maps Lh of M are F-equivariant, gerbe L^Ga descends, in 
turn, from the F-equivariant gerbe {L*^Ga, {Lh)lctA7 (i/t)|/3>t), see Theorem 15.31 We claim that the 
two gerbes 

{LIGa, {Lh)laA, (ih)|/3yt) and {Gh-^A, "/i-U, ^/i-u) 

coincide. The claim implies, in virtue of Theorem 15.31 that the descended gerbes L'^Ga and Gh-^A 
over Pm coincide as well and, hence, so do L*^GhA and Ga ■ 

It remains to prove the above claim. From definitions (|5.8p of the form pA, (|5.26p of HA and (|5.27p of 
the action Lh on M, using, in particular, the fact that Lh acts trivially on the factor M in P x M, 
it follows immediately that 

LhPA = Ph-^A- (5.31) 
This, in conjunction with definition (|5.1ip , implies, in turn, the equality of gerbes 

L*hGA = Gh-^A- (5.32) 

Recall from the proof of Proposition 15.51 that cha is the tensor product of the identity 1-isomorphism of 
the gerbe Ji^p^-j-- with the 1-isomorphism ai_3. Now, the map {Lh)2 oi T x M = r x P x M acts only 
on the factor P. Besides, 

{Lh)l{pA)i2 = {L*hPA)i2 = (P/i-u)i2- (5-33) 

We infer this way that the 1-isomorphism {Lh)*^ ola is the tensor product of the identity 1-isomorphism 
of the gerbe Xp^ -^^ with the 1-isomorphism ai^a so that 

{Lh)l aA = oth-iA ■ (5.34) 

Additionally, equalities (|5.32p and (|5.34p allow to relate the 2-isomorphisms (L/i)|/3^ and $h-^A- Indeed, 
both are tensor products of the identity 2-isomorphism between the identity 1-isomorphisms of the gerbe 
(^'')5^(pa)i23 =^(P;,-u)i23 with the 2-isomorphism /3i^2,4, see Eq. ([5^. Hence, 

{Lh)lPA = Ph-^A (5.35) 

and the claim is established. 
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VI. OBSTRUCTIONS AND CLASSIFICATION OF EQUIVARIANT STRUCTURES 



In this section, we shall treat the obstructions to the existence and the classification of equivariant 
structures on a gerbe Q over a F-space, see Definition 15. II We shall start by discussing subsequently the 
obstructions to the three parts of the structure: 1-isoniorphism a, 2-isoniorphisni /3, and the commutative 
diagram (|5.ip . 



A. Obstructions to 1-isomorphisms a 

The first obstruction concerns the existence of 1-isomorphism a : Q12 Ip ® Q2 or, equivalently, 
the triviality of 1-isomorphism class [J-'] € H^{T x A/, J7(l)) of flat gerbe !F = G12 ® G2 ®'^-p over 
T X M . It coincides with the obstruction to the general gauge invariance of the WZ amplitudes (|3.10p 
coupled to topologically trivial gauge fields, see Corollary 14.51 By the Universal Coefficient Theorem, 
_ff^(r X A/, [/(I)) = Hom{H2{T x A/), [/(I)). In the latter presentation, class [J^] is given by the 
holonomy of flat gerbe T along maps (/i, if) : S — T x M defining singular 2-cycles, and its triviality 
is equivalent to the triviality of the holonomy. By the Kiinneth Theorem. 

H2(r X M) = H2{T) ® HoiM) © i?i(r) ® i?i(M) © i?o(r) ® i?2(M) . (6.1) 

Subgroup i?2(r) ® Ho{M) = i/2(r)'^°(*^) is generated by the singular 2-cycles corresponding to maps 
{h,ip) with (p taking a constant value in one of the connected components of M (7ro(M) is the set of 
such components). Similarly for iJo(r) (8)^2 (Af) ^ 7/2 (M)''"^^). Sub group Hi(T)(E)Hi(M) is generated 
by the maps 

S^xS^ 3 ie'^^e'"') I ^ (/i(c''"i),^(e""^)) eVxM (6.2) 

with h and ip giving rise to singular 1-cycles in F and Af , respectively. Thus, 
H^{T X A/, [/(I)) 

= Hom{H2iT)''"''^''\U{l)) © Hom.{Hi{T) ® Hi{M), U{1)) © Hom{H2{MY°'^^\U{l)) 
= ij2(r, U{l)Y''^^'''^ © Hom{Hi{T) ® Hi{M), U{1)) © H^{M, [/(1))'^°(^) . (6.3) 
Accordingly, we obtain 

Proposition 6.1. Class [T] e ^^(r x M,U{1)) that obstructs the existence of 1-isomorphism a of 
Definition\57J\ decomposes as 

[^] = [J'ho + + [-F]o2, (6.4) 

with the summands [F]2o e H'^{T,U{1)Y''^^^\ G Hom{Hi{r) (g, Hi{M),U{l)) and [J"]o2 e 



Components of [T]20 are the 1-isomorphism classes of fiat gerbes r*^Q ®I^p^ over F for fixed points 
m in different connected components of M with r,„(7) = 7m — t^{m) and pm — |(t°u'')(m)0"0^. 
Components of [F]q2 are the 1-isomorphism classes of fiat gerbes £t^Q®Q* for fixed points 7 indifferent 
connected components of r. Finally, the bihomomorphism [J-]ii ^ Hom{Hi{T)®Hi{M)^U{l)) is given 
by the gerbe F holonomy of the maps (|6.2p . 

Corollary 6.2. // the connected components of M and T are 2-connected, then there is no obstruction 
to the existence of 1-isomorphism a of Definition \5.1\ 

This applies to the case, studied in [1^, H^l, of F-equivariant structures on the WZW gerbe Qk over G 
for T ~ Z (Z Z acting on G by multiplication. 

For the F-space Af = G in the coset-model context, see Definition 14. 6[ and with a WZW gerbe 
Qk over G, the fiat gerbe T — Tk, see Sec. lIVBl In decomposition (|6.4p of cohomology class 
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[Tk] G H^{T X G,U{1)), terms [J^fe]2o and [J^fe]o2 are trivial as determined by the J^fe-holonomy of 
the maps (^p^ pv , (p^v pv ) of Eqs. (|4.2ip with p'^ — P2 — or — P2 = 0, respectively, whereas the 

bihomomorphism [J^cjn G Hom{Z-p®Z, U{1)) is determined by the holonomy with P2 = Pi ^ 0, i.e. by 

bi^^z2 = exp[ - 27riA:trpiP2]: (6-5) 
see Eq. (|4.22p . and may be non-trivial. 



B. Local description of gerbes 



In order to discuss further obstructions to the existence of a F-equivariant structure on a gerbe Q over a 
F-space M, it will be convenient to use local data for gerbes and their 1- and 2-isomorphisms. We shall 
follow the discussion in the first part of Sec. VII of [25|. The local data live in the Deligne complex I?(2) 

^ A'^iO) A'{0) A^{0) A^{0) (6.6) 

associated to an open covering O of M. With 14 standing for the sheaf of smooth C/(l)-valued functions 
and A" for the sheaf of n-forms, the groups of the Deligne complex are 

A"{0) = C^iOM), A\0) = C"(C',Ai)®Ci(C',W), (6.7) 

A^{0) = C"(C',A2)®Ci(0,Ai)©C2(C',Z^), ^3(0) ^ C\0, A'^) Q) C^{0, A^) ® C^O, U) , (6.8) 

where C^{0,S) denotes the f*^Cech cochain group of the open cover O, with values in a sheaf S of 
Abelian groups. The differentials are 

Doif.) = (-!/-'#„ /-v.), D,{^,,x^J) = {dn,, -ix--'dxy+n, -n„ xJkX^kx^'), (6.9) 

D2iB^,Aij,g,jk) = {dA,j - Bj + Bi, -igr.ldg.jk + Ajk - A,k + A,,, g~M9tki9Tjl9ijk)- (6.10) 

A refinement r : O' — s- O of the covering induces a restriction map on complexes ()6.6p . Local data for 
gerbe Q over M form a cocycle c S A^{0), D2C = 0, for a sufficiently fine covering O of M. Local 
data for 1-isomorphism a : Qi Q2 of gerbes with the respective local data Ci G A'^{Oi) are given by 
a cochain b G A^{0) for O a common refinement of Oi and O2 such that, upon restricting the c,; to 
it, C2 = ci + Dib (we use the additive notation for the Abelian group law in all ^"(0)). Finally, local 
data for 2-isomorphism f3 : a\ => 02 are given by a cochain a G A°(0) for a sufficiently fine covering O 
such that, given the local data bi for 1-isomorphisms a, restricted to O, 62 = b\ + Doa. For sufficiently 
fine O, the cohomology of the complex (|6.6p is 



M2(0,P(2)) = tf(0,P(2)) = = ffi(M, [/(!)), (6.11) 

Im Di Im Uq 

H°(0,2?(2)) = keri:»o = H"{M,U{1)). (6.12) 

These groups may be identified, respectively, with the group of 1-isomorphism classes of gerbes, the 
group of isomorphism classes of flat line bundles, and the group of locally constant U (l)-valued functions 
on M. 

In the following, we want to consider local data for gerbes and their 1- and 2-isomorphisms over the 
spaces FP X M that form a simplicial manifold with face maps -.TPxAI r^"^ x M for all p > 1 
and < q < p given by 

{(72,...,7p,m) for q = 0, 

hi,-,lqlq+i,-np,'m) forl<g<p, (6.13) 
(7i,...,7p_i,7pm) ioTq=p. 

They satisfy satisfy the simplicial relations 

AP-^oAP = APzloAP (6.14) 

for all r < q. We shall use simplicial sequences {O^} of open coverings = {Of } ig/p of the spaces 
F^* X AI such that there are face maps : Jp /p^i of the index sets satisfying (|6.14p . and such that 

A?(Or) c O^sm (6-15) 
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for all p > 1 , all < 9 < P and all i G . A construction of ref . [50] , reviewed in the Appendix of 
[25j . permits to build a simplicial sequence {O^} whose coverings refine the coverings of any given 
sequence of coverings of x M. Given a simplicial sequence {O^} of coverings of x M, one has 
induced cochain maps 

(A^)* : C\OP-\S) C\OP,S) defined by ((A^)*/), = (AP*(/a.(.)), (6.16) 
satisfying the co-simplicial relations 

(Ap*o(Arir = (A?;ro(Ap^r (6.17) 

for r < q. On the groups A"(0^), besides the Deligne differentials 

D„^p : A^'iOP) A''+\OP) , (6.18) 

one has the simplicial operators 

P+i 

A„,p : A"(OP) ^ yl"(OJ'+i) with A„,p :=^(-l)«(AP+i)* (6.19) 

9=0 

whose definition uses the lift (j6.16p of the face maps to groups A" {Op). Due to the co-simplicial relations 
()6.17p . we have An,p+i o A„^p = 0. The differentials Dn.p commute with puUbacks, and thus also with 
operators A„^p. This endows the family K, = (A"((!?p)) of Abelian groups with the structure of a double 
complex. 



C. Obstructions to 2-isomorphism /3 



If CO cycle c£A'^{0^) describes local data for gerbe ^ on M then — (A2.0C + P) G A^(O^), where p is 
identified with the cochain {p\o^ , 0, 1) for i £ I^, represents local data for flat gerbe = Gi2^G2 ®1—p- 
The triviality of 1-isomorphism class [F], discussed in Sec. lVI Al means that, for a sufficiently fine 
simplicial sequence of coverings {O^}, 

A2,oc + p = Di^ih (6.20) 

for some h G A^{0'^). The cochain h provides local data for a 1-isomorphism a : Q12 Ip <E) Q2, 
see Definition 15.11 It is defined modulo the addition b b + b' , where Di ib' = 0. This freedom 
corresponds to the freedom of choice of a and of local data for it. The cochains (Aq)*5, (A^)*5 and 
(A2)*fe provide, in turn, local data for 1-isomorphisms a2,3, ai2.3 and ai^23, respectively. The existence 
of 2-isomorphism /? : {Id (E) 02.3) ° ai_23 =^ 0112,3 is equivalent to the requirement that, for sufficiently 
fine {OP}, 

Ai,ife = -£'0,20 (6.21) 

with a G ^"(0^) representing local data for /?. Let us first note that 

Di^2Aisb = A2,ii:'i,i6 A2,iA2,oc -I- A2,i/9 0, (6.22) 

where the last equality is a consequence of relations A2.1 o A2,o — and A2,ip — {{P2,3 ~ Pi2,3 + 
Pi, 23)102,070), and of Eg. p.3ip of Lemma 13. 131 It follows that Ai,i6 defines a cohomology class 

[Ai,i6] G = HHV^ X A/, (7(1)) (6.23) 

Im L'0,2 

that obstructs the solution of Eq. (|6.2ip . However, since b was defined up to Di.i-cocycles 6' G A^(O^), 
the class [Ai,i6] is defined modulo the image V}^"^ of the map [Ai,i] : H^{T x M,U{1)) ^ H^{T^ x 
M,U{1)) that sends class [b'] to class [Ai,i6']. We obtain this way 

Proposition 6.3. Let a : G12 2p (E) G2 be a 1-isomorphism with local data b G A^(0^) for a 
sufficiently fine family of coverings {O^}. Then there exists 2-isomorphism (3 for a, possibly modified, 
choice of 1-isomorphism a if and only if the obstruction class 

[Ai,ifo]+Hi-2 G H\T^ X M,U{l))/n^'^ . (6.24) 

vanishes. 
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In the particular case with simply connected components of T and M, groups H^(TP x M,U{1)) are 
trivial and we obtain 

Corollary 6.4. // the connected components of T and M are simply connected then the class {6.24\l 
obstructing the existence of 2-isomorphism j3 is zero. 



This applies to the case of Z-equivariant structures on gerbes Q]^ over groups G discussed in [26|, [2 

In the general situation, a more precise description of spaces H^iV'^ x M, U{1)) D H^'^ may be provided 
with the help of the Universal Coefficient and Kiinneth Theorems. One has 

H\r X M,u{i)) ^ H\r,u{i))'"'^'^''> ®H\M,u{i)y'>^'^K (6.25) 

The element [&'] e H^{T x M, U{1)) is represented by the sequences with elements 

[6']i(H) := i^lrW] e i/^(r,C/(l)), [b'Ub]) e H\M,U{1)), (6.26) 

where m, resp. 7, are chosen points in the connected components [m] G ttq{M), resp. [7] G 7ro(r), and 
: r r X M, resp. : AI T x M, are the injections with 4,^, (7) ~ '-^('ti) ~ (7,771). Similarly, 

H^T"^ X M,U{1)) ^ i?i(r,[/(l))^°(i^)^'^«(*^) ©Hi(r,t/(l))'^«(r)^'^«(*^) ©Hi(Af,C/(l))'^°(r)'. (6.27) 

An element [d] G H^{T^ x M, U{1)) is represented by the sequences with elements 

Mi([72],H) := (4„„)*[d] e H\r,U{l)), (6.28) 
[rf]2([7i],H) := (4.,rn)*M] e i/^(r, [/(!)), (6.29) 
M]3([7i], [72]) (4,7.)*^] e ^'(^'AC^(l)) ' (6-30) 

where i^^^^™, t^i,™ : F ^ x M and i^^,^2 : M ^ x M are the injections with t^^^mili) = 
''71, 771(72) = ''7i,72(™) = (7ii72,?Ti). Compositions of the above injections with simplicial maps are 

Ao ° 4,™ (71) = A2 o 4^,^(72) = Al o 4,^,(m) = (72, m) , (6.31) 
A? o 4,„(7i) - A? o 4^,^(72) = A? o 4,^,(m) = (7172, m) , (6.32) 
A^ o 4,„(7i) = A^ o 4,„(72) = Al o 4,^,(m) = (71,72m) . (6.33) 

Since Ai,i = (Ag)* - (A?)* + (A^)*, it follows that 

[Ai,i6]i([72], H) = hR;M*b + (4„J*6] , (6.34) 
[Ai,i6]2([7i], H) = [(4)*?' - Ki'ln + (4, o r„,)%] , (6.35) 
[Ai,i6]3([7i], [72]) = [i^lTb (4^,J*6 + ^;(4J*6] , (6.36) 

where L^,R^ : F — F denote, respectively, the left and the right multiplication by 7, rmij) = "fn (as 
before), and we used the fact that the class in i^^(F, t/(l)) of the puUback of A^{0^) along a constant 
map is trivial. When the group F is connected, we may choose its identity clement as its special point 
and the above equations reduce to 

[Ai,i6]i([l],[m]) = 0, [Ai,i6]2([l],H) = [(4on„)*6], [Ai,i6]3([l], [1]) = MTb] . (6.37) 

In the case of a F-spacc 7\/ = G in the coset-model context of Definition 14.61 we may take m = 1 G G 
in the last formulae which reduce then further to the relations 

[Ai,i6]i([l],[l]) ^ 0, [Ai,i6]2([l],[l]) = 0, [Ai,i6]3([l],[l]) = [(4)*&] , (6.38) 

because if o ri is a constant map. In particular, for b ~ b' with Di ib' = 0, 

[Ai,i6']i([l],[l]) - 0, [Ai,i6']2([l],[l]) = 0, [Ai,ifc']3([l],[l]) = [b'hm)- (6.39) 

Since [6']2([1]) runs through arbitrary element of _ff^(A/, [/(I)), it follows that the obstruction class (|6.24p 
vanishes and, for an appropriate choice of b' with Dijb' = 0, [Ai.i(6 + b')] = so that Ai,i(& + b') = 
—-Do, 2a for some a G A'^{0'^). We obtain this way 

Corollary 6.5. For the T-space M = G in the coset-model context, an appropriate choice of 1- 
isomorphism a of Definition \5.1\ assures the existence of 2-isomorphism /3. 
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D. Obstructions to the commutativity of diagram ()5.ip 



By ProDOsitioii l6.31 the vanishing of obstruction (|6.24[) guarantees in the general case that 2-isomorphisni 
(3 exists for a suitable choice of l-isoniorphism a. In terms of local data, the condition [A1.16] S H^'^ 
assures that after the modification of local data h by an appropriate Di^i-cocycle 6', determined up to 
the change h' b' — Dq ig", there exists a G A'^{0'^) such that 

Ai,i(6 + 5') = -Do,2a. (6.40) 

In view of the freedom of choice of b' , the cochain a is determined up to the replacement a a + 
Ao,ia" + a'" for a" e A^{0^) and a'" G ker£»o,2 = H° {V^ x M , U {!)) . Cocycle a'" describes the possible 
choices of 2-isomorphism /3. The commutativity of the diagram (|5.ip of 2-isomorphisms of gerbes over 
xM is now equivalent to the condition that, after the restriction to a sufficiently fine simplicial sequence 
of coverings, 

Ao,2a = 0. (6.41) 

Note that, in any case, 

Do,3Ao,2a = Ai.2^o,2a = - Ai^2Ai,i(fo + &') = (6.42) 

so that Ao.2a E kerDo.s = H'^{T^ x M, [/(I)). Let us denote by the image of the map [A0.2] : 

H°{r^ X M\ U{1)) H°{r^ X M, f/(l)) that sends a'" to Ao,2a"'. Using the freedom in the choice of 
the cochain a and the relation 

Ao,2(a + Ao,ia" + a"') = Ao,2a + Ao,2a"' , (6.43) 

we infer 

Proposition 6.6. 2-isomorphism /3 may be chosen so that the diagram US. 1\) of Definition \5.1\ is com- 
mutative if and only if the obstruction class 

Ao,2a + n°'^ e H°(T^ X M,U{l))/n°-^ (6.44) 

vanishes. 



Elements G H^{TP x M,U{1)) are locally constant ;7(l)-valued functions on TP x M. One may 
identify them with p-chains on the group 7ro(r) with values in the 7ro(r)-module [/(l)'^"'^*'') = 
H°{M,U{1)) of f7(l)-valued functions on 7ro(Af), where the action of 7ro(r) on U{iy"'-'^'^ is induced 
from the action of F on M. If the identification is done by the formula 

/P(7i,...,7p,m) = «|;_,j^^^^j^_,j(H), (6.45) 

then the induced maps [Ao,p] : H°{TP x Af, [/(I)) ^ H°{rP+^ x M,U{1)) become the coboundary 
operators Sp of the group 7ro(r) cohomology: 

(Ao,pF)(7i,...,7p,7p+i,"i) = (-l)^'+H'5V)[^-^.^,[^-.,^ [^-.,(H)- (6.46) 

Corollary 6.7. Under identification ^6.45^ , the cochain Ao.2a generates a 3-cocycle v'^ of the group 
7ro(r) taking values in f7(l)'^°'-^^) and the obstruction coset \6.44^ is the cohomology class [v^] G 
H3(;ro(r),[/(l)-«(^^)). 

In particular, when F is discrete and M is connected, then [v^] G H^{T,U{1)). That is the situation 
for the Z-equivariant structures on gerbes Qu over groups G discussed in (26l . [27^ and mentioned already 
above. The obstruction cohomology classes [v'^] G H^{Z, U{1)) were computed for these cases and simple 
G in [13. 

Since the cohomology groups Hp{'Kd{T), U{1)'^°^^'^'^) for p > 1 are trivial if 7ro(r) is a trivial group, 
we obtain 

Corollary 6.8. If the symmetry group T is connected and 2-isomorphism j3 of Definition CO] exists, 
then it may always be chosen so that the diagram i5.1\l commutes. 
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Putting together ProDOsition l4.8l and Corollaries 16 . 5 1 and 16 . 8[ we summarize the results for the situation 
discussed in Sec. lIVBl 

Theorem 6.9. For a T-space M = G in the coset-model context of Definition \4.b\ a T-equivariant 
structure on the WZW gerbe Qk over G exists if and only if the global- anomaly phases ^.22^ are trivial, 
as, for example, for G = G. 



E. Classification of equivariant structures 

Suppose now that we are given two equivariant structures {ai,j3i), i = 1,2, on gerbe Q with local data 
c £ A^{0^), D2.0C — 0, for a sufficiently fine simplicial sequence of coverings {O^}. Their local data 
are (&i,ai), with hi G A^{0^) and Oi G A°{0'^), that satisfy 



^2,ac + P = Di^ibi, Ai^ibi = -£'0,20;, 



Ao,2ai 



0. 



(6.47) 



The difference {b',a') = (&2 — ^1,02 — ii) gives local data for a F-equivariant structure on the trivial 
gerbe Iq (relative to p = 0). It satisfies the homogeneous equations 



Di^ib' = 0, Ai,i6' = -Z?o,2a', Ao,2a' = 0. 



(6.48) 



There is an isomorphism {XtV) between the equivariant structures {ai,(3i) if there exist: a cocycle 
e S A^{0°), Di Qe = (providing local data for 1-isomorphism x '■ Q S) ^tnd a cochain / G A'^{0^) 
(giving local data for 2-isomorphism 77) such that 



b' 



Ai.oe + DoAf, 



-Aoa/. 



(6.49) 



These identities represent the definition of 77 and the commutativity of diagram (j5.3p , respectively. They 
imply Eqs. (|6.48p . Classes of solutions to Eqs. (|6.48p modulo solutions to Eqs. ()6.49|) form the 2"^ hyper- 
cohomology group M'^{J') of the double complex J' 



0- 



A^{0^) 



Do. 



Ao,i 



1,0 
Ai,o 

kerDi^i 

Ai,i 



(6.50) 



A0(O2)^^ker7^i2 



1,3 



obtained from the double complex K, — (A"(C"')). EI^(J') is the group of isomorphism classes of F- 
equivariant structures on the trivial gerbe Iq. It acts freely and transitively on the set of isomorphism 
classes of F-equivariant structures on gerbe Q. In other words. 

Proposition 6.10. The set of isomorphisms classes of T-equivariant structures on gerbe Q is a torsor 
for the Abelian group M'^{J'). 



Denote by V.^^^ the image of the map [Ai^o] ■ H^iM,U{l)) H^{T x M,U{1)) that sends class [e] 
to class [Ai^oe]- In terms of the decomposition (|6.25p and (|6.26p . 



[Ai,oe]i(M) = -[r;„e], [Ai^oe]2([7]) = N - [^;e] 
Since b' is a Di^i-cocycle, one may consider the map 

(b',a') I ^ [b']+n^-^ e H\T X M,U{l))/n^'K 



(6.51) 



(6.52) 
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Since \b'] e TH}'^ for {b',a') of the form (|6.49p . the map (|6.52p induces a homomorphism 

K-.m^iJ) H\T X M,Uil))/n^''^ (6.53) 

of AbeHan groups. To describe the image and the kernel of k, we shall do some tracing of diagrams. 

If [b"] + H^'^ is in the image of k, then b" — b' + Ai qc + i'o.i/ for some {b\a') as above, some 
e e ^1(0°) with Di,oe = 0, and some / e A°{0^). Consequently, Ai,i6" = -Do^a' + Ai,i£io,i/ = 
—Do, 2(0' — Ao,i/) so that [Ai_i][6"] = 0. For any [6"] that satisfies the latter equation, i.e. such 
that Ai, 16" = -£'0,20" for some a" g A°{0'^), we ha ve Do,3Ao,2a" = Ai,2Do,2a" = 0, hence 
Ao,2a" e H°{T^ X M,U{1)) and it generates, via Eq. ()6.45p . a 3-cocycle on group 7ro(r) with values 
in '(7(1)'^"(^^). If [b"]+n^''^ is in the image of k, then, f or g^" := a' - Aqj/ - a", we have £io,2a"' = 
so that a'" G i?°(r^ X M, J7(l)) generates, again via Eq. (|6.45p . a 2-cochain on 7ro(r) with values in 
[/(l)'ro(A/)^ The relation Ao,2a"' = — Ao,2a" implies then that S^u'^ = so that the cohomology class 
of [v^] e H^{TTo{r),U{l)'^'>^^'>) vanishes. Conversely, if this is the case, then Ao,2a" = -Ao,2a"' for 
some a'" E H°(r'^ x M, U{1)) so that, for a' = a" + a'", one has Ai^^b" = -DqW and Ao,2a' = 0. We 
have proven this way 

Lemma 6.11. [b"] + T-L^'^ is in the image of k if and only if 

1. [Ai,i][6"] = so that Ai,i6" = -DQ^2a" , 

2. the cohomology class [v^^] e H'^{t:q[T),U{1)'^°^''^^'^) of the 3-cocycle corresponding, via 
Eq. (KJ5\ I, to Ao2a" e H^i^^ x M,U{1)) vanishes. 

m 

Now, let us study the kernel of k. If [b'] g \ i.e. b' = Ai.oe + -Do.i/' for e g A\0°) with 
Di,oe = and /' eA°{0^), then Ai,i6' = Ai,i£)o,i/' = Do,2Ao.Af' so that' 

a' + Ao,i/' g kerDo,2 = H"{T^ x A/, C/(l)) . (6.54) 

Since Ao,2(a' + Ao,i/') = 0, the cochain a' + Ao,i/' may be identified, by means of Eq. (|6.45p . with 
a 2-cocycle v"^ on group 7ro(r) with values in U{lY°^^\ All 2-cocycles may be obtained this way 
by changing a' to a' + a" with DQ 2a" = = Ao,2a"- Since /' is defined modulo /" g ker Dq i = 
iJ°(r X Af, J7(l)), 2-cocycle is defined modulo coboundaries of the 1-cochains corresponding to 
/" so that the cohomology class [v^] g H^{no{T),U{lY'>'-^^'^) is well defined by the pair (b' ,a') with 
[b'] g H^-^. The class [w^] vanishes if and only if {b',a') is of the form (j6.49p . This shows 

Lemma 6.12. The kernel of the map n of \6. 5!^] may be identified with the cohomology group 
i72(;ro(r),[/(l)-"W). 

■ 

Let us look at some special cases. First, if H^{T, U{1)) = {0} = H^{M, U{1)), then the homomorphism 
K vanishes and we obtain from Lemma 16.121 

Corollary 6.13. In the case when the connected components of T and M are simply connected, 

This is the result that gives, e.g., the classification of Z-equivariant structures on gerbe Qk over G for 
Z C Z acting by multiplication, see [2^. [26l. [27| . 

Suppose now that F is connected so that F = T/Z-p, where F is a simply connected Lie group and Zr 
is a subgroup of the center of F. One has Hi{T) = 7ri(F) = Zp. Lemma [6.121 implies in that case that 
K is injective onto its image which, by Lemma [6.111 and Eq. (|6.37p . is composed of the cosets [b"] + H^'^ 
such that [6"]2([1]) = in the decomposition (|6.25l) and (|6.26p . From the explicit form (|6.51l) of H^'^, 
we then infer 

Corollary 6.14. If the group F and manifold M are connected, then 

If {J) = H\T,U{l))/[r*J{H\M,U{l))) - Z*,, , (6.55) 
where Z^j is the group of characters of the kernel Zm of the homomorphism from i?i(F) to IIi{M) 

I'm 

induced by the map 7 I ^m. 

In particular, we have 
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Corollary 6.15. For the T-space M = G in the coset-model context, see Definition \4.6] Zm = Zr so 
that 

W'iJ) = H\T,Uil)) ^ Z'r (6.56) 
and the T-equivariant structures on the WZW gerbes Qk over G are classified by the group of characters 

of i/i(r) -^i(r) - Zr. 

Let us analyze closer the case when the F-space M is a (left) prmcipal F-bundle u) : M M' . By 
the descent Theorem l5.3i each F-equivariant structure on the trivial gerbe Iq relative to the vanishing 2- 
form descends to a flat gerbe on M' whose puUback to M is 1-isomorphic to Iq- Passing to isomorphism 
classes, one obtains the canonical injective homomorphism 

v:¥?{J) H^{M',U{1)) (6.57) 

that maps into the kernel of the puUback map [uj*] : H'^{AI\ U{1)) H^{M, U{1)). Now, suppose that 
we are given a flat gerbe on M' whose class is in the kernel of [lu*]. It is easy to see, using Theorem l5.3l 
and Remark l5.2f 2). that such a gerbe is 1-isomorphic to a gerbe that descends from the trivial gerbe Iq 
equipped with a F-equivariant structure (relative to p = 0). This shows that v maps onto the kernel of 
[u!*]. We obtain this way 

Corollary 6.16. In the case when M is a principal V-bundle, there is an exact sequence of Abelian 
groups 

^ m^{J) H^{M',Uil)) -^—L H^iM,U{l)) (6.58) 

that induces an isomorphism between M.'^{J') and the kernel of [uj*] in H^{M\U{1)). 

If F and M are connected, then the exact sequence ()6.58|) is induced, in virtue of Corollary 16. 141 by the 
cohomology exact sequence for the F-bundle co : M ^ M' [13, 

[r* 1 r fw*l 

H\M,U{1)) ^ iJi(F,[/(l)) ^ H^{M',U{1)) ^ H\M,U{1)). (6.59) 

The middle arrow t may be easily described in terms of the classifying space BT of group F. The 
transgression map H^{BT,U{1)) H^{T,U{1)) is an isomorphism for connected F. Its composition 
with T is given by the puUback map from H^{Br,U{l)) to H^{M' ,U{1)) along the classifying map 
: Af BT for the principal bundle uj : M M' . In Appendix [6l we describe an equivalent 
construction of homomorphism t. That construction, carried out in terms of line bundles and gerbes, 
will be used below. 



F. Ambiguity of gauged amplitudes 

Let us recall from Sec. lVBI how the WZ amplitudes coupled to a topologically non-trivial gauge field A 
in the principal F-bundle P over the worldsheet E were defined. They were given by the holonomy of 
gerbe over the associated bundle Pm = P XrM, see Definition 15.71 That gerbe was obtained via 
Theorem 15.31 from gerbe Q_a = ® over M ^ P x M equipped with a F-equivariant structure 
(relative to p = 0) induced from that of Q. Let us use the subscript M or M to distinguish between the 
two cases of F-spaces. If we change the isomorphism class of a F-equivariant structure on ^ by a class 
K G M'^{J'm), then a quick inspection of the proof of Proposition 15 .51 shows that the isomorphism class of 
the induced F-equivariant structure on Q_a changes by the class K2 G ]HI^(J7/^) obtained by the pullbacks 
along the projection pr2 of P x M on the second factor. The isomorphism class of the descended gerbe 
Qj[ changes then, according to the discussion from Scc. lVI El by 

iy,~,iK2) G H^{Pm,U{1)) - Hom{H2iPM),Uil)). (6.60) 

Viewed as a character of H2{Pm), class Vj^{K2) describes the change of the holonomy of the gerbe Q_a. 
We obtain this way 

Corollary 6.17. Under the change of the isomorphism class of a T-equivariant structure on gerbe Q 
over M by a class K G H^(j7/\/), the WZ amplitude h5.2S\l of a section $ : E — Pm of the associated 
bundle is multiplied by the U{1) phase ([$], J^^j(i^2)), where [$] denotes the homology class of 
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Remark 6.18. The dependence of the gauged WZ amplitudes on the choice of an equivariant structure 
is another manifestation of the phenomenon of "discrete torsion" [5l| 

In the particular situation where manifolds F, M and S are connected, Corollary 16.141 implies that 

^\Jm) = Zl,, m\j,~,) - ZIj. (6.61) 

We shall denote by xk the character of Zm corresponding to K ^ EI^(J7a/) and hy Xk one of Zji^j 
corresponding to iiT G H^(j7^y^). The relation pr2 o ''(p,™) = for (p, w) G M implies the inclusion 
Zj^ C Zm- The map Z^j 3 xk ^ XK2 G ^*-^ is now given by the restriction of the characters, 
whereas the homomorphism is induced by the map Tj^j : H^iT ,U[\)) H^{Pm,U{1)) of the exact 
sequence (|6.59p . The problem of ambiguities of the gauged WZ amplitudes may be completely settled in 
this case employing a construction of homomorphism T£j along the lines of Appendix [6] and an explicit 
description of principal F-bundlcs over E (32j . 

Up to isomorphism, such bundles may be obtained by gluing D x T and (S \ £)) x F, where is a 
closed unit disc embedded into S and D its interior, via the identification 

DxT 3 (e''",7(e''^)7) ^ {c'",-/) G (E \ I)) x F (6.62) 

for a transition loop 3 e^'^ 7(e"^) G F that we assume based at the unit element: 7(1) = 1. The 
F-bundlc P depends, up to isomorphism, only on the element zp G = 'iTi(r) corresponding to the 
homotopy class of the transition loop. The associated bundle Pm is then obtained by gluing D x M and 
(E \ D) X M via the identification 

DxM3 (e^'",7(e''")m) = (e^'',m) G (E \ I)) x Af . (6.63) 
A global section $ : E ^ Pm is given by two maps 

D3 X ^ (/)i(x) G M and (E \ I)) 9 x 02(2:) G M (6.64) 

such that 

Me'n = l{e'^)Me'n- (6.65) 

According to Appendix FBI the homomorphism TjQ, mapping H^{T,U{1)) = Z^ to H'^ {Pm , U {!)) , 
associates to a character % S .^p a 1-isomorphism class of a fiat gerbe on Pm- Consequently, the 
phase z/jg(i^'2)) is equal to the holonomy Holg^{^) for a character x of Zr extending xk- The 
flat gerbe Q-^^ may be trivialized over D x M and (E \ Z)) x M. It is then given by a transition line 
bundle [3l| over x Ad obtained by pulling back the flat line bundle over F, described in Appendix 
FBI along the map 

X M 3 (c'^^m) I ^ 7(0^'") GF. (6.66) 

Using such a presentation of gerbe , it is easy to see from the geometric definition of the holonomy of 
gerbes, see, e.g., [2^, that the phase Holg^{^) is given by the holonomy of the loop e'''^ 7(e'''^) in 
the line bundle over F. The latter is equal to the value of the character x on the element zp £ Zr- 

The above phase should be independent of the extension x of the character xk from the subgroup 
Zm to Zr- This does not seem evident. Here is the resolution of the puzzle. Let be the maps 
representing section $ of Pm- As a boundary value of a map from the disc to M, the 1-cycle 

51 9 c''^ Mc'") G M (6.67) 

is homologous to a constant 1-cycle. Hence the 1-cycle 

51 ^c^^ ^ ^^(c-) = 7(e^")(/)2(e'"), (6.68) 

which is a boundary value of a map from E \ I? to M and, as such, has a trivial class in Hi{M), is 
homologous to 

3 0'" 7(c''")?7i (6.69) 

for any point m G A/. But the triviality of the class in Hi{M) of the latter 1-cycle is just the condition 
that zp G Zm- Note that in the coset context, there always exists a section $ = 1 of the associated 
bundle given by (pi = 1. In that case zp always belongs to Zm = Zr- We may summarize the above 
discussion in 
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Theorem 6.19. Let T , M , and S be connected and P be the principal T-bundle over E associated to 
zp G 7ri(r). Then 

1. if Zp ^ Zm then there are no global sections $ oj the associated bundle Pa/; 

2. for any global section $ : E — P^/, 

{m,,.,:j{K2)) = xk{zp) e U{1). ^ (6.70) 

In particular, if P is trivializable then zp = 1 and the gauged WZ amphtudes are independent of the 
choiee of a F-equivariant structure (and may be defined in more general circumstances discussed in the 
first part of the paper) . 

In [s^, K. Hori studied an example of the coset theory based on the WZW model with simply connected 
group G = SU{2) X SU{2) at level (fc,2) and with gauged adjoint action of T = diag(S'[/(2))/diag(Z2). 
He argued, using the supersymmetry present in the coset model, that the contribution of the sector with 
gauge fields in the non-trivial F-bundle P to the coset toroidal partition function was equal to i, but 
that a choice of a different 6*- vacuum should lead to the contribution equal to — ^. Since = Z2 in 
this case, the phase ±1 describes indeed the ambiguity of the topologically non-trivial sector due to the 
freedom of choice of an S'0(3)-equivariant structure on gerbe Qik.2) over SU{2) x SU{2). For k odd, 
such ambiguity is not visible in the partition function. Indeed, in this case there are no fixed points of 
the joint spectral flow of weights under the non-trivial element of Zr, 

(Ji,j2,j') I (^-Ji,^-J2,^-/), (6.71) 

and, as a result, the contribution of the topologically non-trivial sector to the toroidal partition function 
vanishes [s^ . 



VII. yld-EQUIVARIANT WZW GERBES OVER SIMPLY CONNECTED GROUPS 

In order to illustrate the concept of F-equivariant gerbes, we shall return to the situation discussed in 
Sec. lIVB] involving the WZW gerbes Qk over connected compact simple groups G = G/Z viewed as F- 
spaces for T = G/Z acting by the adjoint action. Recall that Theorem 16.91 states that gerbes Qk possess 
F-equivariant structures whenever the phases (|4.22p are trivial, so always for G = G. Such structures 
are composed of 1-isomorphism a and 2-isomorphism /3, see Definition 15.11 They are classified by the 
dual group of Z, see Corollarv l6.15l What follows is devoted to an explicit construction of F-equivariant 
structures on gerbes Qk over simply connected groups G. 

Instead of the local data formalism used in Sec lVIl we shall employ below a geometric presentation of 
gerbes and their 1- and 2-isomorphisms, see, e.g., [23|. In such a presentation, a gerbe Q over M with 
curvature H is a quadruple {Y, B, L, fj,) where tt : Y — M is a surjective submersion, i? is a 2-form 
on Y, called curving, such that dB = Tr*H, L is a line bundle over the fiber-product y^^I = Y XmY 
with curvature F = B2 — Bi, and /i : L12 L23 L13 is an isomorphism of line bundles over Y^^^ = 
Y Xjxi Y X]^J Y that defines a groupoid structure on L ^ Y (the subscripts denote here the pullbacks 
along projections from Y^p^ yl'l). An explicit geometric construction of gerbes Qk over M = G 
with fc € Z was given in [4lj and is somewhat involved. We shall use here its description from see 
also Sec. 4.1 of pq . 



A. WZW gerbes over compact simply connected simple Lie groups 

As before, coroots, cowcights, roots and coroots will be considered as elements of the imaginary Cartan 
subalgebra it C tg identified with its dual with the help of the bilinear form tr. The normalization of 
tr makes the length squared of long roots equal to 2. a^, a/, Ai A)^, where i = 1, . . . , r, will denote 
the simple roots, coroots, weights and coweights, respectively, with r the rank of g. The highest root 
(f) = J2i hcti- where the positive integers fcj arc the Kac labels. Denote by C it the positive Weyl 
alcove. A„ is a simplex with vertices = ^A^, i = 1, . . . , r, and tq ~ 0. For i ^ R := {0, 1, . . . , r}, 
let 

A = {r e I r = Y.^i^o > 0}, = {g = Adh^{c^'''^) \ hgEG, reA,}, (7.1) 
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and, for I C R, let Ai = Di^i Ai and 0/ = Di^i Oi. Subsets O/ of G arc open and Ad- invariant. 
They are composed of elements g = Ad}i^{e'^^'-'^) with hg E G and t ^ Ai- The expressions 

B, = :^tr(e(/i,)A4-.(e(/i,)) + 2^L{T~n)[Q{hg)Mha)]), (7.2) 

where Q{hg) = h^^dhg, define smooth 2-forms on Oi such that cJBi = Hk\oi- Fo'" groups SU{n), it 
is enough to take F = , see 0, . In order to have a unique construction of gerbes Qk for all 
compact simply connected simple Lie groups, one makes a more involved choice (4l| . 

Consider the stabilizer subgroups, 

Gi = {7eG|7c2"'"7"'=e2-^- for(any) re^/\ U A}. (7.3) 

In particular, Gi is composed of the elements of G that commute with e^'^''^'. The Cartan subgroup 
T C G is contained in all G/. The maps 

Oi 3 g = Adh^ie^^'^) hgGi e G/G/ (7.4) 

are well-defined because the adjoint-action stabilizers of e^'^''^ for r G A/ are contained in G/. They 
are smooth, see Sec. 5.1 of t4l[. One introduces principal G/-bundles ttj : Pj Oj 

Pi = { {g, h)eOixG\ 77/(3) = hGi}. (7.5) 
For the gerbes Qk = (Y, B, L, fi) , one sets 

Y = U P, (7.6) 

with TT : Y G restricting to tt^ on Pi and the 2-form B restricting to 7T*Bi. Let 

Y^,..,„ = P/ X G,, X ••• X G,„ and y,,..,,. = ^^l.^JGj (7.7) 

for / = {ii,...,i„}, and for G/ acting on yii..i„ diagonally by the right multiplication. The fiber 
power of Y may be identified with the disjoint union of Yi^,,i^ by assigning to the G/-orbit of 

{.{9,h),j,,,..,jtJ the n-tuple (yi, .., y„) G FI"! with ym ^ {g, h-f'^), 

^["1 = U r,,..,„. (7.8) 

The construction of the line bundle L over yl^l uses more detailed properties of the stabilizer groups 
G/. For I C J C R, Gj is contained in G/. The smallest of those groups, Gr^ coincides with the 
Cartan subgroup T of G. Groups Gj are connected but not necessarily simply connected. Let g/ D t 
denote the Lie algebra of G/ and let c/ be the exponential map from g/ to the universal cover G/ . One 
has 

Gj = Gi/Zi for Zi ^ ef'^^ (7.9) 

where C t is the coroot lattice of g. The exponential map cj maps t to the Abelian subgroup 

T/ C G/. For I C J, the group Gj maps naturally into G/ and Zj into Zj. One shows that the 
formula 

Me-""'! = e^'^'*'-^'^ (7.10) 

for r G t defines a character Xi ■ "^i ^^(1)- By restriction, Xi determines a character of Zi. One 
may also define a 1-dimensional representation Xij ■ Gij U{1) by the formula 



Xijiltj) = exp - / (7.11) 

where = Ztr (r^ — r^) 0(7,,,) is a closed 1-form on Gij {jij is identified with a homotopy class of a 
path in Gij starting at 1). For r G it one has: 

X^jie^n = X.(er^^)-^X,(ef'^). (7.12) 
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Besides Xijiltj) = Xjiilij) \ and for jijk G G,jfe, 

Xz]{lijk)Xjk{lijk) = Xik{li]k)- (7.13) 

Over space Yij, there is a line bundle Lij whose fiber over ((g, h),^i,^j) is composed of the equivalence 
classes [7i, 7j, itijlij with respect to the relation 

(7»,7j,Wy) i'^^C^.lJQ,X^iC^)\3iCJ)~'"u^J) (7.14) 

for 7; G Gi, 7j G Gj projecting to 7^ G Gi and 7^ G Gj, respectively, and Uij G C, G Z;, Q G .^j. 
One twists the natural flat structure of Lij by the connection form 

= ikiT{Tj-T,)Q{h). (7.15) 

The right action of G^ on Yij lifts to the action on Lij defined by 

((ff,/j), [7M7i,Ujj]y) I ^ ((,9,M> [7»7y,7j7y, X»j(7»j)"'''«y]»j) (7.16) 

for 7y G Gij and 7^^ its lift to G^j . The hermitian structure and the connection of Lij descend to the 
quotient bundle Lij /Gij = Lij over Yij and the line bundle L over F^^l for the gerbe Qk is taken as 
equal to Lij when restricted to Yij. The curvature 2-form Fij of Lij lifts to Yj to the 2-form dAij 
that coincides with the lift to Yij of the 2-form Bj — Bi. This gives the required relation F = B2 — Bi 
between the curvature F of the line bundle L over F^^l and the curving B on F. 

The groupoid multiplication /i oi Q is defined as follows. Let {{g,h),^i,^j,jk) G Yijk represent 
iy,y',y") G yl^] ^ith y = ig,h^-^), y' = {g,h-/-^) and y" = {g,h-f-^) and let 

^ij G L^y y,-^, £jk G L^y, y„), l ik G L (^y y „ ^ (7.l7) 

be the elements in the appropriate fibers of L given by the Gy^-orbits of 

4- = ii9^h'),[j„jj,u^j],j) , ijk = {{g,h),[jj,%,Ujk]jk) , hk = ((5, /i), [7*, 7^, ii,fc]„) (7.18) 
with Uik = UijUjk- Then 

/x(%®£,fe) (7.19) 
This ends the description of gerbes Qk = (Y, B, L, /i) over simply connected groups G. 



B. Construction of l-isomorphism a 

We need to compare the pullbacks of gerbe Gk to the product space F x G. Consider first the pullback 
{Gk)i2 along the adjoint action i -.T x G G of F = G/Z on G. One has: 

(&)l2 = (i^l2,Bl2,il2,Ml2). (7.20) 

The adjoint action of G on itself may be lifted to Y by the map 

Gxr 9 (7,y) I Ad^y) G F, (7.21) 

where for y = {g,h) G Pi C Y, Ad^{y) := {Ad;y{g),^h) G Pi. The map ()7.2ip is constant on orbits of 
the action 

(7,2/) ^ {zj,yz-^) (7.22) 

of Z on G X y, where yz~^ := {g,hz~^) for y = (.9,'^) G Pi. It allows the canonical identification 

Y12 = {GxY)/Z. (7.23) 

In this identification, the surjectivc submersion 7ri2 : (Y)i2 — s- F x G is generated by the map 
(7,2/) (7,7r(j/)), where 7 G F = G/Z is the canonical projection of 7. Similarly, 

^ (Gxy["l)/Z. (7.24) 
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The action of Z on G x y^^l induced by (|7.22p may be lifted to the one on G x L given by 

(7,%) I (z7,£,j*z-i), (7.25) 

where for £ij given by the Gi^-orbit (j7.16p of £ij = {{g,h),[ji,jj,Uij]ij^, the element £ij*z~^ is defined 
as the Gij-orbit of 

iij*z~^ {{g,h),[jiZ,^jZ,Xij{zy''uij]ij), (7.26) 

with z standing for any lift of z G Z to Gij . We introduce a special symbol for this action to distinguish 
it from another one that will be defined below. As line bundles, 

L12 = {GxL)/Z. (7.27) 

In order to obtain the correct connection on L12, the one on G x i has to be modified by twisting the 
flat structure on G x Lij by the connection 1-form 

^*A,j = ifctr(rj -n) 9(7/1) (7.28) 

rather than by of Eg. ([7?T5)) . 

I-isomorphism a will compare gerbe {Gk)i2 to Ip^ ® {Qk)2 ^ (^2, B2 + n^Pk, L2, where {Gk)2 is 
the puUback oi Qk to F x G along the projection to the second factor. It will be convenient to identify 

Y2 = TxY = {GxY)/Z, (7.29) 

where now Z acts only on G. The projection 7r2 : Y2 — F x G is induced upon this identification by 
the map (7,2/) M~ (7, 7r(?/)). Similarly, 

= F X = (G X rl"!)/^, L2 = r X L = {G X L)/Z , (7.30) 

with Z always acting trivially on the 2"'^ factor. 

The first part of data for I-isomorphism a is a line bundle E over W12 '■= Y12 ^(rxG) ^2, see (26| . 
E has to be equipped with a connection whose curvature form is equal to {B2 + T^2Pk)2 — (^^12)1, 
where the outside subscript I (resp. 2) refers to the pullback along the projection from W12 to Y12 (resp. 
to Y2). In view of identifications (|7.23p and (|7.29p . we obtain for the fiber-product space W12 

W12 = (Gxr[2])/^ (7 31) 

for the action (7,(2/, J/')) ^ {'^liiv^^^ tV')) of ^- The projection to Y12 is induced by the map 
[lAv^y')) ^ {liV)j the one to Y2 by (7,(2/, J/')) ^ [liV')- The composed projection vj : W12 ^ Fx 
G is (7, {y,y')) (7,71(7/) = Tr{y')). Line bundle E over W12 will be defined by 

E :^ {Gx L)/Z, (7.32) 

for the action of Z 

(7,%) I (z7,^.j-^~'), (7.33) 

where the element iij ■ z^^ defined as the Gij-orbit of 

4-^"' - {{g,h),[l^~Z,^J,X^{~ztx{z)u^J]^J) , (7.34) 

with X'- ^ ^ a fixed character. Note the difference between elements lij ■ z~^ and £ij-kz~^, with 

the latter one defined by Eq. (|7.26p . 

The connection in line bundle E requires a careful definition in order to assure that it has the desired 
curvature. Note that the 2-form {B2 + 1^29^)2 — (-812)1 on (G x Yij)/ Z C 1^12 is equal to the pullback 
by VJ of the 2-form (-8^)2 + Pu^ (-Bj)i2 on F x Oij C F x G. A short calculation shows that for 7 G F 
and 5 = A4Je2--) eOy, 

{(Bj)2+ Pk-{Bi)l2){l,g) = d{LkiYAdh^{T-T,)Q{-f)) + \LkiY{T,-T,)\Q{hg),Q{hg)\. (7.35) 



37 



It was shown in [4l| that the map 

3 g = Adh^ie^-'-) I Adh^iT-n) e ig, (7.36) 

denoted there, is well defined and smooth so that the 1-form Ai = ik ti Adii^{T — r^) 0(7) is well 
defined and smooth on T xOi. On the other hand, the 2-form Bj — Bi = ^Ik tr (t^ — tj) [Q{hg), Q{hg)] is 
a well defined closed 2-form on Oij which, when pulled back to Yij C Y^^\ coincides with the curvature 
form of L\Yij = Lij. In order to assure the correct curvature of E, we shall additionally twist the 
connection of G x in (|7.32p by the pullbacks to G x of the forms 

= iktiAdh^iT-r,)ei^) (7.37) 

on G X Oij. A straightforward check shows that the resulting connection in G x i descends to the 
quotient by the action ()7.33p of Z. Note that the resulting bundles E differ for different characters x 
of Z by tensor factors that are pullbacks to W12 of flat bundles over F. 

1-isomorphism a : {Qk)i2 1pk®{Qk)2 of Definition [SH] is an isomorphism of line bundles over 

a: L12® E2 ^ Ei®L2, (7.38) 

where natural pullbacks of bundles L12 and L2 are understood. Recalling realization (|7.3ip of Wi^. we 
have 

Wf^ ^ (GxyW)/^ (7.39) 

with the action 

(7, yi, 2/1,2/2,^2) I ^ (^7, (2/iz"\2/i,2/2z"\2/2)) (7-40) 

of Z. Suppose that (2/1,2/1,2/2,2/2)^^41^142^2 and that 

^ ^(j/i.j/2) , ^«2j2 G ^{y2,v'2) 1 ^iiji S -^(yiy'i) , ^jij2 ^ ^{y'i,v'2) (7-41) 



'-4142 

are given by Gij^jij^j-orbits of 

((.9,/l), [74l,742,«4l42]4l42) , 4^2 = ( , ^) , [742 , 7i2 , «42j2 ] 42^2 ) , (7-42) 



J142J2 
4l42 

((.9, h), [7^1 , 7ji , Wnji]4iii) , 4ii2 = ((.9, /i), [7ji , 7i2 , Uj^h\]i]2) ■ (7-43) 



•^41J1 

with /^(^iiia ^ -^42^2) = /^(^nii ® ^iii2), i-C- 

■'^4142 ''^42^2 ^ ^iljl ''-*ili2 • (7.44) 

The bundle isomorphism a of (j7.38p will be generated by a map a such that 

"(7,^4142 ® 4^2) = (7,^4ui ® ^ju2)- (7-45) 
Consistency requires that a commutes with the action of Z, i.e. that 

<5(z7,£,,,, *z-i (g)£,,j, • z-i) = (7,^,,j, • z-^®lj,j^). (7.46) 
In view of Eqs. (|7.26p . (|7.34p and (|7.44p . this is guaranteed by the relation 

X^^^2{^)~''X^2{'zfx{z) = X^^{zf x{z) (7-47) 

which follows from identity (|7.12p . That the bundle isomorphism a preserves the connections follows 
from the equality of the (modified) connection forms 

7*^4112 + ^i2j2 + ^42 — ^iljl + ^41 + ^jlj2 (7.48) 

which is easy to check. 

For the bundle isomorphism a to define a gerbe 1-isomorphism froni (^fc)i2 to Ip^. (g) {Gk)2, one has to 
require a proper behavior with respect to the groupoid multiplication [26[ . More precisely, what is needed 

[31 

is the coincidence of two composed isomorphisms of line bundles over Wl2- The first one IS 

/(i®a2,3 ai 2<8-fd 
(^12)1,2 ® (^12)2,3 «)^^3 ^ (^12)1.2 «'£^2 (-^2)2,3 ^ -El (L2) 1.2 (-^2)2,3 

/d(gl(/i2)l,2.3 

^ £;i®(L2)i,3, (7.49) 

[31 

with the exterior subscripts referring to the components of W^f 2 ■ second one is 

(^12)1,2,3®-^ "1,3 

(il2)l,2 ® (il2)2,3 X ^ (il2)l,3®-E3 ^ -Bl®(i2)l,3- (7.50) 

Straightforward verification that they coincide is carried out in Appendix [T] 
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C. Construction of 2- isomorphism /3 



2-isoniorphisni /? of Definition 15 . 1 1 compares 1-isoniorphisnis of gerbcs over x G. First, consider gerbe 
(&)i23 = (^123, -Bi23, Li23, /ii23)- The Same way as before for Y12, we shall use the map 

G^xY 3 (7i,72,y) I ^ Ad=,,.,,y G Y (7.51) 

constant on orbits of the Z^-action 

(71,72,2/) I ^ (2^171,^272,2/(212:2)"^) (7.52) 

in order to identify 

yI^I ^ (G^ X r["l)/^'- (7.53) 

As line bundles, 

L123 = (G^ X L)/Z^ (7.54) 

for the action 

(71,72,%) I ^ (2171,2272,% * (2122)"^) • (7.55) 

The connection in L has to be modified by twisting the flat structure of G^ x Lij by the connection 
1-form (7i72)*4y, see Eg. (|7.28p . Similarly, for gerbe (t/fc)23 = (^^23,^23,^23,^23) over F^ x G, we 
have: 

rjgi = (G^ X y["i)/^2^ (7 5g) 

where now the action of is induced from the one on G^ x Y given by 

(71,72,2/) I ^ (2l7l,2272,2/22~^) • (7-57) 

As line bundles, 

L23 = (G^ X L)/Z^ (7.58) 

for the action 

(71,72,%) I ^ (2171,2272,% * 2^^) , (7.59) 

with the connection of & x L modified now using 1-forms 72^1/,. Finally, for gerbe {Qk)^ — 
{Ys,B3,Ls,iis), 

yj"! ^ (G^xyl"!)/^' and L3 = {G^xL)/Z\ (7.60) 
with Z^ acting only on the factors G^. 

For the fiber-product space W^i23 = ^123 ^(r^xG) ^23 ^(r^xG) ^3' have 

Wi23 - (G^ X y[-'^l)/z2 (7.61) 

for the action 

(71,72, (y, 2/', y")) I ^ (zi7i,2272,(2/(2i22)-\j/'22-\2/")) (7.62) 

of Z^. We may pull back the line bundle E over W12 in three different ways to W123, obtaining the 
respective line bundles £'1,23, £-2,3 and i?i2,3. One has 

Si,23 = (G^ X il,2)/Z2 , ^2,3 = (G^ X ^2.3)/^' , £^12,3 = (G^ X £1,3)/^' . (7.63) 

The actions of Z^ above are defined as follows. If {y,y',y") G %fc C Y^"^^ and %, ^jfe and f^fe are 

as in (|7.17p . i.e. % G £(y,y') C £1,2, £jk G L(^y,^y„^ c £2,3 and ^^fe G £(y,y") C £1,3, then under 

(zi,Z2) G Z^, 

(71,72,%) I ^ (2:171, Z272,(%* 22"^) -zf^), (7.64) 

(71,72,-^jfc) I ^ (zi7i,Z272,^jfe • 22^^) , (7.65) 

(71,72,%) I *- (2171,2272,% • (2122)"^) ■ (7.66) 
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The connection of L in the three puUbacks in (|7.63p has to be modified by twisting the flat structure of 



X Lij by the 1-form 



that of & X Ljk by 



A^^ = LkiY{Tk~Tj)Q{hg) + LkirAdh^{T~Tj)Q{^2): 



and that of & x Lik by 



A^"^ ^ Lktr{Tk~Ti}e{hg) + LktTAdhAT~Ti)e{^l^2). 



(7.67) 
(7.68) 
(7.69) 



There is a natural isomorphism /3 : -Ei,23 ® £-2,3 £-12.3 given by the groupoid multiplication fi in 
L, i.e. induced by the map 



(7.70) 



Indeed, /3 commutes with the action of because fJ-{{iij * ^) • ^ £jk ■ Z2^) — iik ■ (^1^2) ^ if 
n{£ij ®ijk) = ^ik as 



Xi(^i) x(2i)Xy(^2) ^xA^2) X{z2) = Xiizih) xi^i^^)- 



Besides, /3 intertwines the modified connections since 



11,23 ;2,3 _ 112,3 

ij ^ ]k ~ ^tk ' 



(7.71) 
(7.72) 



as a short calculation shows. 



For the line bundle isomorphism /3 to provide a gerbe 2-isomorphism required by Definition 15. 1[ one 
needs (see [1^) that over 



with the action of induced from that in (|7.62p . the diagram of line bundle isomorphisms 



2 V v[6]A/z2 



(7.73) 



£123 <S> (£1,23)2 <E) (£2,3)2 "-iifiSf'' (£1,23)1 <S) L23 (£2,3)2 ''^'^"^f (£1,23)1 <S> (£2,3)1 ® £3 (7.74) 

^ (£12,3)1 ® £3 



£123 ^ (£12,3)2 



"12,3 



[21 

with the exterior subscripts referring to the puUbacks to M^f23 and with the obvious pullbacks omitted, 
be commutative. This is checked in Appendix [8] 



D. Commutativity of diagram (|5.ip 

This is the identity 

/3l,23,4 • ((M ® /32,3,4) o /rf) = /3l2,3,4» (Mo;3i 2,34)) (7.75) 

for composed 2-isomorphisms between 1-isomorphisms of gerbes over x G (see [13 for the abstract 
definition of the vertical • and horizontal o compositions of 2-morphisms) . The left- and the right-hand 
side are the following compositions of the isomorphisms of line bundles: 

7d®;32,3,4 ^il,23,4 

£i,234 ^ £2,34 ^ £3,4 ^ £1,234 ® £23,4 *- £123,4 , (7.76) 

and 

(9l,2,34®-H /3l2,3,4 

£1,234 "X) £2,34 £3,4 ^ £12,34 'X' £3,4 ^ £123,4 , (7.77) 

respectively, over the fiber-product space 14^1234 = (i^)i234 X(p3xG) (^)234 x^pa^g) (^)34 X(p3xG) (^)4- K 
is checked in Appendix that they coincide. This proves identity (I7.75P establishing the commutativity 
of diagram (|5.ip of Definition 15.11 and completing the construction of F-equivariant structures on gerbe 
Gk over G for the adjoint action of F = G/Z on G. 
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Theorem 7.1. The T-equivariant structures on the WZW gerbe Qk over G constructed above are non- 
isomorphic for different characters x ■ ^ ~^ ^/(l) and each T-equivariant structure on Qk is isomorphic 
to one of them. 

Proof. The general discussion of classification of F-equivariant structures in Sec. lVI El showed that 
different isomorphism classes of F-equivariant structures correspond in this case to cohomology classes 
[6'] G H^iV X M, U{1)) = H^{r, U{1)) in the image of homomorphism k, see Corollarv l6.15l The classes 
[b'] are the isomorphism classes of flat line bundles over F by which differ the line bundles E over W12 
involved in the above construction of 1-isomorphisms a of Definition 15.11 Different choices of characters 
X ■ Z U{1) correspond to tensoring E with such flat line bundles, as was remarked in Sec. lVII SI 
The claim of the theorem now follows from the isomorphism of H^{T, U{1)) with the character group Z . 



VIII. CONCLUSIONS 



We revisited the problem of the gauging of rigid symmetries in two-dimensional sigma models with the 
Wess-Zumino action related to a closed 3-forms H on the target manifold. For topologically trivial 
gauge fields give n by global Lie-algebra valued 1-forms on the worldsheet, the gauging prescription of 
refs. [3^ and [3^ assures infinitesimal gauge invariance. We showed, however, that it may lead to global 
gauge anomalies. We classified such anomalies using geometric tools based on the theory of bundle 
gerbes. Global gauge anomalies occur, for example, in numerous WZW sigma models with non-simply 
connected target groups when one gauges their adjoint symmetries. They lead to the inconsistency of 
the corresponding coset models obtained by integrating out the external gauge fields in the respective 
gauged WZW models. We introduced geometric structures called equivariant gerbes, living on the target 
space, that permit an anomaly-free coupling of WZ amplitudes to arbitrary (also topologically non-trivial) 
gauge fields. A detailed analysis of obstructions to the existence of such structures was performed and 
their classification was obtained. In particular, we showed that the gerbes relevant to the WZW theories 
with compact semi-simple target groups can be equipped with equivariant structures with respect to 
adjoint symmetries if and only if there is no global gauge anomaly in the coupling of the WZW model 
to topologically trivial gauge fields. We explicitly constructed all nonequivalcnt equivariant structures 
in the case of simply connected target groups. Different equivariant structures result in the coupling to 
topologically non-trivial gauge fields that differs by phases. We showed that such ambiguities arc given 
by characters of the fundamental group of the symmetry group, if the latter is connected. We do not 
know if, in general, the existence of equivariant gerbes is also a necessary condition for the existence 
of non-anomalous coupling of WZ amplitudes to topologically non-trivial sector, but this is a plausible 
conjecture. The analysis of the present paper was limited to the case of oriented closed worldsheets. Local 
gauge anomalies on worldsheets with boundary were studied in (l2j . A generalization of the present work 
to the case of such worldsheets, or worldsheets with conformal defects, will be discussed in a separate 
publication. An extension of WZ amplitudes to unoriented surfaces requires an additional structure on 
gerbes that was introduced under the name of Jandl structure in [4^ , see also [2^ [l^] . We plan to discuss 
the interrelation between equivariant structures, Jandl structures, and multiplicative structures on gerbes 
of [1,[H,[5^, in a future study, with applications to orientifolds of coset models. Other possible extensions 
of our work should cover the cases of WZW and coset theories with non-compact targets, supersymmetric 
sigma models, and applications to global aspects of T-duality [s^. It should also be possible to study 
global gauge anomalies for higher dimensional WZ actions on spacetimes with arbitrary topology using 
the theory of bundle n-gerbes @ . 



IX. APPENDICES 



1. Proof of Proposition l3.ll 



We have to find conditions under which the coupled amplitudes A{ip, A) given by Eq. (j3.5p arc invariant 
under infinitesimal gauge transformations. Setting e~*^0 = {Id,e~*^ip) and denoting by A the vector 
field on E X Af in the direction of M given by A{x,m) = ■^\^^g{x,e~*-^m), we observe that 



dt \t=0 



f^{c-'^cl,r{~v{A)+'-u{A')) = Jj*C-^{^v{A)+'-u{A')) 
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<j,*i^d{~viA)+'-u{A')) 



(A.1.1) 



since the other term di/^ in the Lie derivative gives a term that vanishes by integration by parts. Similarly, 
as J^Ij^o e"*^A = dA- [A, A], see Eq. ([5^ . one obtains 



— I 



0*(-t;(e-*M) + iu((e-*^A)2)) = / cj)* {- v{dA ^ [A,A]) + u{{dA - [A, A])A)) . {A.1.2) 



On the other hand, A\Yz{c~*'^f) — iJo/g^ (c"*'^^), where the subscript 2 on Q refers to the pullback 
along the projection from S x M to M (the latter relation follows from the behavior of gcrbc holonomy 
under gerbc puUbacks). Proceeding as in the proof of Proposition 12. II one then shows that 



(A.1.3) 



so that if^H (more pedantically defined as if^H2 ) is a form on E x M . Gathering the above relations, 
we infer that 



dt lt=o 



(e-*Ve-*M = (ij <i^*[iK{H + d{-v{A) + \u{A^))) 



-v{dA-[A,A]) + u{{dA~[A,A])A)yj Awzi.'^.A). (A.1.4) 

Consequently, the invariancc of the amplitudes A-wz{}P, A) under infinitesimal gauge transformations 
requires that for all Lp and A^ 



ij, {H + d{-v{A) + ^u{A^))) -v{dA- [A, A]) + u{{dA - [A, A]) A) 



= 0. 



(A.1.5) 



In order to proceed, it will be easier to employ a basis in g, writing A = t°^A°', A ~ t^A" and using 
the notations of Remark 13.21 2. Eq. (jA.1.5[) may then be rewritten as 

A"(t''(if + d{-v''A'' + + /'^''^(uM'' - u'^'^A'^A'^)^ + (rfA'')(u° + u"''^'') 



A'^l^L^'H - L''{dv'')A'' + L''v''dA^ + + f A'' - f" 



- dv" - {du'''')A^ - u'^'^dA^ 



0, (A.1.6) 



where the terms in the last line were obtained by integration by parts. Since A" are arbitrary functions 
on S, wc infer that the 2-form 

- + ip*{~ L^idv'') + r^^v" - du'''')A'' + - u'''')dA'' 

+ ^ip* [i'^du''' ~ f^bd^d^ ^ f'''"^u'^>')A''A''{AA.7) 

on E has to vanish for all maps (p : E M and all 1-forms A" on E. It is easy to see that this 
imposes the separate constraints 



L^H -dv" = 0; 



L''du'"= - pbd^dc ^ jacd^db ^ Q _ 



(A.1.8) 

(A.1.9) 



The I''* of these equalities gives the left of Eqs. (13.61) . The 3'''^ one gives Eq. p.7p . implying also the right 
of Eqs. p.6p and, via the 2"*^ equality, the middle of Eqs. p.6p . The 4"^ equality may be rewritten as 

c?iyu(Z) - + t[^Y,z]i'(^) = (A. 1.10) 
and now holds automatically since 

LxdbYv{Z) = CxiYviZ), i'[x,z]'"{Y) = -tYw([X, Z]) = -LyCxviZ) (A.1.11) 
and [Cx, ty] = ''[x,y]- This ends the proof of Proposition 13. II 
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2 . Proof of Lemma [3TT31 

In order to prove that the 2-form p of Eq. p.26p is F-invariant, recah that T x M is considered as a 
F-space with the action £^(7',m) = {Ad^{'-^'),l^m) of 7 G F. Using relation (|4.5p . we obtain: 

= -{v{Ad^-^{Ad;Q)) + (^,.e) v){Ad^-^ {Ad^Q)) , (A.2.1) 

where the 2""^ equaUty fohows from the 2"*^ of relations p.24p . The identity Ad*Q = Adj{Q) implies 
that the right-hand side is 7-independent so that the F-invariance of p follows. 

Let us pass to the proof of relation p.3ip . Using the equality 8(7172) = Ad^- + 6(72), we 
obtain on F^ x M 

/3i2(7i,72,to) = phil2,m) 

= -[viAd^-.QM)]{m) - [z;(e(72))](m)+ '-[,^^—^v{Ad^^,eM)]{m) 

+ jh(7.)"(^rf7,-0(7i))]M + |^AZ-7e(^^'(0(72))]M+ i[6e(^,)i;(e(72))](m).(A.2.2) 

Using, again, the 2"^^ of relations p.24p as well as the last of equalities p.6p . identity (|4.5p and, finally, 
equality p.27p . we may rewrite the last identity as 

Pi2(7i,72,™) = - [^;,z;(e(7i))]M - [i'(e(72))](m)+ i[^;,(^e(-y,)"(©(7i)))]M 

= [exp[-.e(^,)]€;(-Ke(7i)) + i.e(7O^(0(7i)))]M- [«(0(72))](m) 

+lh(72)«(0(72))]M 

= [-^(©(71)) + ^''e(7i)i'(0(7i))](72"i) + p(72,m) 

= phi, 12m) + p(72,m) = [pi, 23 + ^2,3] (71,72,™) ■ (A. 2. 3) 



3. Proof of Proposition 14.21 

Note, first, that the action Lh of the gauge transformation ft, on E x A/ defined in (|4.ip may be factored 
through S X F X A'/ as 

{x,m)\ '^-^ {x , h{x) , m) \ — ^'^^^ > (x, h{x)m) . (A. 3.1) 

It follows that 

lIQa = K{id X erg A = K*{id X er(ip^ 0^2), (A.3.2) 

see the 2'^'^ of Eqs. ([331). Now, 

{Id X enip, ® 02) - I(p.),,23 ® , (A.3.3) 

with the indices referring to the factors of S x F x A/ so that (pa)i,23 ~ {Id x £)*pA- From the definition 
(|4.8p of the gerbe T, it follows that 

tg = 012 = Ip®02®^, (A.3.4) 
where ^ stands for " is 1-isomorphic to" . Eq. (jA.3.3[) then implies 

(/d X £)*(Xp^ ® 02) = I(p.4)i,23 ®2:p,_3 «)03® J-2.3 = I(pa)i.23+P2.3 ® G3 ® ■ (A.3.5) 

The substitution of this identity into the right hand side of relation (jA.3.2p gives 

LigA = m^^p^),,23+P2,3 » ^3 ® ^2,3) = I. » 02 (ft X uyT, (A.3.6) 



43 



where 

:= K*Mpa)i,23 + P2,3) = Kpa + {hxld)*p (A.3.7) 
is a 2-forni on the product space S x M that is identified in 
Lemma A. 3.1. oj ~ Ph-^A ■ 
Proof. On the one hand, 

{LlpA){x,m) = pA{x,h{x)m) = [(^^v[- \h'B)(x) \ ^h{x)iPA){x, ■)] M 
= [^M-^ ih-eXx) ] ^h(^)i - '"(M^)) + |^A(x)«(^(a;)))]M 

= [ - vi{Adh-i {A)){x)) + iji^^eji^vHAd,,-! (A))(x)) + '^^ ^Ad,_^(A))(x) ^ii^dh-i (m) . (A.3.8 

On the other hand, 

[{hx Idyp]{x,m) = [-v{h*e) + ^Lj^v{h*e)]{x,m). (A.3.9) 

Adding both expressions and using the 3"^ of relations ([SH), we infer that 

LlpA + {hx Id)*p = -v{h*e + Ad,,-i{A))+'-ij^^^:^jj-^v{h*e + Adh-iiA)) 

= -v{h-^A) + ^Lj^v{h'^A) (A.3.10) 
which is the identity claimed by Lemma lA. 3. II 

Replacing A by hA and recalling definition p.9p of the gerbe Ga , we infer from Eq. (jA.3.6p and 
Lemma rA.3 . 1 1 the existence of the 1-isomorphism required by Proposition |4?2l 



4. Proof of Theorem [STSl 

To prove Theorem I5.3[ we shall show the existence of a canonical equivalence 

Grb'^{M)l^ Grh^{M') {AAA) 

of 2-categories. Here, Af is assumed to be a left principal F-bundle over M' . On the left-hand side of 
(jA.4.ip is the 2-category of F-equivariant gerbes over M whose 2-form p vanishes. On the right-hand 
side is the 2-category of gerbes over the quotient M' = M /F. We shall show that the equivalence (jA.4.1[) 
is a consequence of the fact that gerbes form a sheaf of 2-categories over smooth manifolds. We shall first 
recall some details about this fact. 

Associated to any surjective submersion uj : M — M', we consider the descent 2-category Des{uj) 
defined as follows, with TTj^. i^ standing for the projection from a p-fold fiber-product Afl^l = M Xj^p 
M X ■ ■ ■ X M to the g-fold fiber product forgetting all but the ii, . . . ,iq components. An object 

in Des{uj) is a triple {Q^C,X) consisting of a gerbe Q over Af, a 1-isomorphism C : n^Q — ^ 'K2Q over 
AfPl and a 2-isomorphism 



over Afl'^l such that the diagram 



A : 7r*3C o 7r*2C =^ iil^C (A.4.2) 



7r*4C o 7r*3C o 7r*2C (A.4.3) 




7r24C O 7^12^ ""34^ ° ^13^ 
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of 2-isoniorphisnis over M^^l is commutative. A 1-morphism 

{V,n) : (a^C^A") ^ {g\C\\'') 
in Des{uj) is a 1-isomorphism P : Q"' — ^z** of gerbcs over Al and a 2-isomorphism 

such that the diagram 

7r*D ® 7r*3C° ® 7r*2C° 



(A.4.4) 
(A.4.5) 
(A.4.6) 





TT^gC (g) TT^aC" (g) 7rifX> : 



7ri*3C^ g) ttJ-P 



of 2-isomorphisms over is commutative. Finally, a 2-isomorphism e: iV^n) => {V',k') in Des{u 

is a 2-isomorphism e : 2? => P' such that the diagram 



(A.4.7) 



IdOTT-. £ 



k' 

of 2-isomorphisms over M^^l " is commutative. Composition and identities in Des{uj) are defined in the 
natural way. There is an obvious functor 



uj* : Grb^{M') ^ Des{uj) 



(A.4.8 



which sends a gerbe Q over M' to the triple {ijj*Q, Id, Id), and is defined analogously for 1-morphisms 
and 2-morphisms. 

An important part of the statement that gerbes form a sheaf of 2-categorics over smooth manifolds 
is the gluing axiom for this sheaf. Using the definitions introduced above, it can be formulated in the 
following way. 



Theorem A. 4. 2. For any surjective submersion oj : M — *- M' , the functor ^A.^.^ is an equivalence of 
2-categories. 

This was proven in [4^, Prop. 6.7, in a setup with (bundle) gerbes without connections, but the proof 
actually works also for gerbes with connection. 

The equivalence ()A.4.ip that we have to prove is now a consequence of Theorem I A . 4 . 2 1 and the following 
relation between equivariant gerbes and the descent 2-categories introduced above. Here, we remark that 
the projection of any principal G-bundle is a surjective submersion. 

Lemma A. 4. 3. Let M be a (left) principal T-bundle over M' with projection lo : M — M' . Then, 
there is a canonical equivalence of 2-categories 

Grb^{M)l 9^ Des{uj). (A.4.9) 
Proof. Since M is a principal F-bundle over M', there are diffeomorphisms fp : r^^i x M AfW, 



(7i> ■•■:7p-i,™) I — (7i...7p_im,72...7p-im, ...,7p_im,m) . 



(A.4.10) 



The diffeomorphisms fp exchange various maps : ^ x M F'^ x M that we introduced in 
Sec. lIII Cl with projections : M^pI ^ M^'^l in the following way: 

£i2 = TTi o /2 and ^2 = 7^2 o /2 , (A. 4. 11) 

/2 o ^2,3 = 7r23 o /s , /2 o ^1,23 = 7ri2 o /a and /2 o ^12,3 = ^is o /g , (A. 4. 12) 

/a o ^1,2,34 = 7ri23 o fi, /a ° ^12,3,4 = T^isi ° fi , 
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/a ° -^2,3,4 = 7r234 o /4 and /a o ^1,23,4 = 7ri24 o /4 • (A. 4. 13) 

Consider a descent object {0,C,X). Note that the curvature H of gerbe ^/ is (without any extension) 
F-equivariantly closed so that we may take p = for the F-equivariant structure on Q, see Definition l5.ll 
Using rules (|A.4.1ip . the pullback oi C : nlQ ^ tt2G along /2 : G x M ^ ikfl^l is a 1-isoniorphisni 

a := /2*C : tr^G ^ ^^5, (A.4.14) 

and thus precisely the datum (i) we need for a F-equivariant structure. Using rules (jA.4.12[) . the pullback 
of the 2-isomorphism A : TTjaC o Trl2C => t^I^C along /a is a 2-isomorphism 

13 := f;X : £ya o ll^s^ => t.^^.a, (A.4.15) 

and thus precisely the datum (ii) we need for the F-equivariant structure. It is then easy to observe that 
the pullback of the commutative diagram (|A.4.3p along is, using rules (|A.4.13p . precisely the diagram 
(|5.ip in Definition 15.11 Thus, (CJ,a,/3) is a F-equivariant gerbe relative to the zero 2-form. In the same 
way one verifies, using (|A.4.11[) - (jA.4.13[) . that 1-isomorphisms and 2-isomorphisms in Des{u!) pull back 
to 1-isomorphisms and 2-isomorphisms between F-equivariant gerbes, respectively. This defines a functor 

/* : Des{uj) Grb^{M)l . (A.4.16) 

This functor is an equivalence, because the maps fp are diffeomorphisms. Indeed, if (^/,a,/3) 
is a F-equivariant gerbe then, using (|A.4.11|) - (|A.4.13|) again, one observes that C := (/2~^)*a and 
A := (/g-^)*/? make up a descent object (Q, C, A) , and analogously for 1-isomorphisms and 2-isomorphisms. 



Proof of Lemma 15. 4 



For pyi and £ defined by Eqs. (|5.8p and (|5.9p . one obtains by virtue of relations (|5.7p and (|3.27p : 

(Px)i2(7, = (r pA){l,{p,m)) = {^l3PAd^{A-e{i)]){l,P,m) 

= ( exp[-te(7)] (^7)3 PAd-,iA ~ 6(7))) (P' ^) 

= {i^-/)*3PAd-,{A-eh)))iP,m) - (t0(^) {^i)*3PAd-,{A-e{'i))){P,m) . (A.5.1) 

The 2"^^ of relations ([3?24| implies further that 

{{^■y)*3 PAd-,{A-0h))){P,'m) 

= {{e^);[~viAd,iA - e(7)))+ |^ ^,^(^_e(7)) ^(-^'^7(^ - e(7)))]}b,m) 

= [-viA~ 9(7)) + i i^^^v{A ~ 6(7))] (p, m) . (A.5.2) 

Hence, 

[iif)*3 PAd^iA- 0h))]{P, m) 

= [ - v{A) + \ iAv{A) + «(e(7)) + \ ^e(7)K0(7)) 

-ite(^)w(^) - it^w(e(7))](p,TO) 

= [-i;(^) + ii^«(^) +«(e(7)) + i^e(7)"(0(7)) - ^e(7)«(-^)]b'™)' (A-5.3) 
where the last equality follows from the right one of relations p.6p . Consequently, 

Vq(^) {^1)3 PAd^{A-e('i))\{P,m) = [- Lq(^)v{A) + LQ(^)v{<d{-i))\{p,m) . (A.5.4) 
Subtracting the last expression from the previous one, we infer from Eq. (|A.5.ip the relation 
{PA)i2{li{P.m)) = [-v{A) + ^iA^i-^) + w(0(7)) - ^te(7)^^(0(7))](P,™) 

= pA{p,m) ~ pi^j^m) . (A.5.5) 
This is the identity claimed by Lemma 15.41 
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6. Construction of flat gerbes from characters 



Let r be a connected Lie group and lo : M M' a left principal F-bundle. We shall assume that M 
is also connected. One has T = T/Zr where F is the covering group of F and Zr is a subgroup of the 
center of F and is naturally identified with the fundamental group of F. Note that i?^(F, U{1)) = Zp. 
To each character x G -Z^r' there corresponds a flat line bundle composed of classes [7, u]^ of the 
equivalence relation on F x C 

{j,u) ^ {jz-\x{z)u) (A.9.1) 

X 

for z G Zr- We can associate to this line bundle Ly, a flat gerbe Gx = {Y, B, L, ij,) over M' using the 
geometric description of gerbes mentioned in the beginning of Sec. lVIII We shall take Y = M with the 
canonical projection on M' and a vanishing curving B = 0. The fiber products Y^^ = M^^ may be 
naturally identified with F^"^ x AI by the map fp given by Eq. (|A.4.10|) . For the line bundle L we shall 
take the pullback of Lj^, along the map Y^^^ 3 {"fm, m) 7 G F. The groupoid multiplication /i is 
then induced by the map 

[7l,Ml]x «) [72,W2]x I ^ [lll2,UiU2]x- (A.9.2) 

It is easy to show that the pullback gerbe '^*Gx is 1-isomorphic to the trivial gerbe Xq on M and that 
Gx is 1-isomorphic to the trivial gerbe on M' if and only the flat line bundle L-^ extends from a fiber of 
the bundle uj : M ^ M' to M. 

The 1-isomorphism class of the fiat gerbe Gx gives the element of H'^{M' ,U{1)) associated by the 
middle homomorphism r in the exact sequence ()6.59|) to the element of H^iT, ^^(1)) identified with the 
character x of Zr- 



7. Behavior of isomorphism a under groupoid multiplication 



We verify here that, for the line bundle isomorphism a constructed in Sec. I VII Bl the two composed 
isomorphisms (|7.49p and (|7.50p coincide so that a defines a 1-isomorphism between the gerbes {Gk)i2 
and Xp ® {Gk)2 over the product group F x G. Similarly as for W^lf, see Eq. (|7.39|) . we have: 

W^lf = (Gxr[3])/^, (A.7.1) 

Over (G x Yi^j^i^j^i^j^) / Z C W{2, consider elements ti^i^ . . . in the respective fibers of L. The 

composition (|7.49p of line bundle isomorphisms is induced by the map 

(75 ■^2142 ® ^i^i^ ® ^i-ij^j ' ^ (7:^4112 ® ^i-ljl ® ^j-lji) 
ai,28i/d Idx{Id0i>{fj,2)l,2.3) 

I ^ (7i -^nji ® ■^jij2 ® ■^j2j3) ' ^ [ij^iiji ® ^jijs) (A.7.2) 

with fJ.{i^2^3 ®^^33^) = M(^42J2 J3 ) > K^^1^2 ®^42i2) = ^(^n Jl ® ^Jl J2 ) Sud m(%j2 ® ^J2i3 ) = ^Jlj3 ' The 

associativity of the groupoid multiplication fi then implies that 

M(^ili2 ® M(^i2i3 ^isjs)) — ^(^4142 ® M('^i2j2 ^^^2^3)) ~ ^(^(^4142 ® ^42j2 ) ^j'lja) 

= ® £3132) «) £3233) = M(^4iJi <E) Ai(€jij2 ® £3233)) ^ K£h3i ® £3133) ■ (A.7.3) 

Similarly, the composition (|7.50p descends from the map 

/dX ((/^12)l,2.3®7rf) 0:1.3 

) I {li^ili3 ® ^i3j3) I ^ {l^£il3l ® ^3133) (A.7.4) 

with /^(^tii2 <8> ^2^3) = ^iii3 and ^(^His ® -^isjs) = ^(^iiji ® -^iiia)- Now 

ills O -^43 j3 

iljl ® ^3133 

) (A.7.5) 

Comparison between the relations (|A.7.3|) and (|A.7.5P and the use of the associativity of /i show that the 
target elements of (|A.7.2[) and (|A.7.4p coincide if the initial elements are the same. That demonstrates 
the identity of two composed line bundle isomorphisms (|7.49p and (|7.50p . 



47 



8. Commutativity of diagram (|7.74[) 



We shall prove that diagram (|7.74p of isomorphisms of line bundles over W^^^ is commutative. Over 

subspace 'xYi-^j-^kii2j2k2)/^'^ C W^^, with notations similar to those in the previous Appendix, the 
top line of the diagram is induced by the composite map 

{ll,l2,(tit2 ®iz232 ®^j2k2) I- {ll,l2Jnn'^^jl32'^^j2k2) I (ti , 72 , ^iljl ® ^Jl fel ® 4i ^2 ) (A.8.1) 

with ii{£ij^i2 ® ti2j2) = ® ^jij2) and m(^jiJ2 ® ^32^2) = K^jiki ® Mfeifea) which imply that 

liWni2 ® ii2j2) ® £]2k2) = f^Wnn ® ^nh) ® ^nk2) = M(^iu2 ^^^2^2)) 

= ® /^(^ifei ® 4ife2)) • (A.8.2) 

The bottom line of the diagram (|7.74p descends from the map 

[li,l2,f-iii2® ('i2k2) I ^ (»4ife2) (A.8.3) 

with 

M(^«1«2 ® ('I2k2) = K^ilk^ ® 4ife2) ■ (A.8.4) 

Assuming that 

(71,72,42^2) = /3(7i,72,-^»2i2 ® ^i2fc2) and (7i,72,4ifci) = /3(7i,72,4iji ® ^ifei) > (A.8.5) 

i.e. that -^22^2 ~ f^i.^'i'2j2 ® ^32^2 

) and ti^ki = A'(4ji® infer from comparison between 

Eqs. ()A.8.4p and (|A.8.2p that the target elements of (jA.8.ip and ()A.8.3P coincide, establishing the com- 
mutativity of diagram ()7.74p . 

9. Proof of the equality of isomorphisms (|7.76p and (|7.77p 

Similarly as before, one may identify 

W^i234 = X yW)/^' (A.9.1) 

with the action of given by 

(71,72,73, (y,y', 2/", y'")) 1 ^ {zi7i,Z2j2,Z3^3AyiziZ2Z3)~'^,y'{z2Z3)~^,y"z^^,y"')) . (A.9.2) 

The different puUbacks of the bundle E over W12 to Wi23i may be identified as 

£^1,234 = X Li,2)/Z3 , E2M = {& X ^2,3)/^^ , -^3,4 ^ {& X £3,4)/^' , 

£^23.4 = {& X i2,4)/^' , £^12,34 = (G=^ X ^1,3)/^^ , -Bl23,4 = (G^ X Ll^)/^^ . (A.9.3) 

with appropriate actions of and appropriate modifications of the connection of the puUbacks of L. If 

{y,y', y",y"') £ Y^jki C and £ij € L(^y y,) C Li^2 , , 4 e £{y,y"') C Li^4, then the composition 

(j7.76p of the line bundle isomorphisms is induced by the map 

/dx/d(»/32,3,4 -fdX,3i.23.4 , 

(7i,72,73,4j ® 4fc '^4/) I (71,72,73,% 40 I ^ (71,72,73,4) (A. 9.4) 

with iji ~ n{ijk®£ki) and In — fi{iij ®iji) — ® fi{ijk®(ki))- On the other hand, the composition 
(|7.77p is given by 

(71,72,73,-^ij ® 4fe ®4i) I ^ (7i,72,73,4fe ® 4i) I ^ (71,72,73,4) (A. 9. 5) 

with £ik = ® £jk) and in = ^{iik ® iki) = m(m(4j ® ^jk) ® (-ki)- Using the associativity of ^, we 
infer that the two compositions give the same line-bundle isomorphism. 
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